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Abstract

This paper presents a new approach to the old problem of linear dependency of age, cohort
and time effects. It is shown that second differences of the effects can be estimated without
any normalization restrictions, providing information on the shape of the age, cohort and time
effect profiles, and enabling identification of structural breaks. A Wald test is provided to test
the popular linear and quadratic specifications against a very general alternative. The method
is illustrated through examples which show its ability to detect structural breaks in time effects
as a result of the Mexican peso crisis, and to determine whether the age effects profile in the

variance of Taiwanese log consumption is concave or convex.
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1 Introduction

Many economic and social phenomena are modelled as a confluence of age, birth cohort, and time
effects. General linear models which attempt to capture all three effects are faced with one of the
most well-known identification problems in economics: a person’s age added to their birth year gives
the current year, so that there is an exact linear relationship between the age, cohort, and time
effects. Identifying the level effects of these three factors therefore requires additional normalization
or exclusion assumptions, which is the current practice in the literature.

In this paper we provide a different approach to the identification of these effects in the additively
separable model. Using pseudo-panel methods, we show that although the level effects can not be
identified without further restrictions, one can identify economically meaningful linear combinations
of these effects. In particular, with no normalizing assumptions, one can identify second differences
of the effects. These effectively provide the second derivatives of the age, cohort, and time effect
profiles, providing valuable information on changes in growth rates, the convexity or concavity of
the effects, and enabling structural breaks to be seen. Furthermore, we show that Wald tests on the
estimated second differenced effects can be used to test whether either a quadratic or a linear term
can adequately capture a given effect. Next, we show that with only one normalizing assumption on
the slopes, the first differences of all three effects can be identified, with identification of the level
effects requiring two further assumptions.

We illustrate the methods in the paper by way of two empirical examples. The first example
shows the ability of this approach to identify structural breaks in the time effect profile through
examination of Mexican household consumption data. Our method clearly shows the time effect of
the 1995 peso crisis on consumption, and in addition shows that a quadratic in age is not sufficient for
explaining the age effect. Our second example shows how the method can be used to make inferences
about the shape of the age effect profile for the variance of log consumption in Taiwan. Deaton
and Paxson (1994) show that the permanent income hypothesis (PIH) implies that consumption
inequality increases with age. However, whether the age effect profile is concave or convex depends

on the degree of persistence in shocks to earnings. If the PIH is correct, then a convex age effects



profile implies that individual earnings must contain a large stationary component. Applying the
methods of this paper, it is found that the second derivatives of the age effect profile are in fact
fairly equal, implying at most a quadratic in age is needed. The second differences are statistically
insignificant from zero for most ages, and we can not reject linearity of the age effects profile for
ages 30 to 46. However, over a wider range linearity is rejected in favor of a quadratic specification,
which does turn out to be convex.

The existing economics literature! suggests a variety of restrictions for overcoming the identifi-
cation problem. One view is that the age, cohort, and time effects are proxy variables for underlying
unobserved variables which are not themselves linearly dependent (Heckman and Robb, 1985). In
some situations, the business cycle may capture the period effect and cohort size the cohort effect.
Foster (1990) notes that, in demography, parametric schedules which take advantage of strong regu-
larities in the age patterns of vital rates in human populations can be used to capture demographic
events. When multiple proxies are available, Heckman and Robb (1985) propose a latent variable
approach, enabling estimation of a multiple-cause-multiple-indicator model. However, often the un-
derlying variable(s) for a given effect may be unclear, and so the researcher prefers to agnostically
model all three effects simultaneously.

A second approach is then to model the age and cohort effects with small-order polynomials, in
some cases just linear effects. For example, Japelli (1999) uses fifth order polynomials in age and
cohort, while Denton, Mountain and Spencer (1999) use a quadratic for cohort and time effects,
and a cubic spline for age effects with knots at 17 and 57 to capture variations associated with
lifecycle transitions. These models may be reasonable, but there is often an ad-hoc nature to their
specification, and they can struggle to adequately capture trend breaks. Using non-parametric
methods, Heckman and Vytlacil (2001) find no support for the widely accepted practice of imposing
linear effects of time and age. Deaton (1997) argues that when data are plentiful, it is better to
allow dummy variables for all three sets of effects, allowing the data to choose the profiles. He

provides a normalization which makes the year effects orthogonal to a time trend, so that all growth

ISee the volume edited by Mason and Fienberg (1985) for a discussion of the identification approaches used in
other social sciences.



is attributed to age and cohort effects.

In a working paper, Attanasio (1993) showed that by using information on the stock of financial
assets, one can identify the shape of the age profile for changes in financial assets, which represent
saving.? His approach to identification is very similar to that set out in this paper to identify the
second derivative of the age profile: where he uses time differences in a polynomial in age, cohort,
and time effects, I use a more general dummy variable specification. This paper builds on Attanasio’s
approach by showing that similar methods can be used to identify the shapes of cohort and time
effect profiles, by allowing for the presence of individual effects, and by providing for a distribution
theory which allows one to test hypotheses about the shapes of the age, cohort and time effect
profile.

The remainder of this paper is organized as follows. Section 2 presents the basic additive model
in age, cohort, and time effects to be used in this paper. Section 3 shows that one can consistently
estimate second derivatives without further parameter restrictions, and provides a Wald test for
testing whether the effects can be captured by quadratic or linear terms. In Section 4 it is shown that
the introduction of one normalization assumption can allow identification of first derivatives, while
two more normalizations allow identification of actual effects. The method is applied to Mexican
household consumption data and Taiwanese inequality data in Section 5. Section 6 concludes and

mathematical proofs of the Theorems are presented in Section 7.

2 Model

Observations are made on individuals of A age groups, ai,...,a4, over 1 time periods, t,...,t7.
The population is divided into C = A + T — 1 cohorts, with some cohorts observed in more time
periods than others due to the restriction on ages. For example, both our applications involve
consumption, which is only measured at the household level. Cohorts are then defined by the age

of the household head, and so the standard practice is to focus on an age range over which one can

2T thank a referee for alerting me to this previous work. In the published version of this working paper, Attanasio
(1998) does not use this method but instead employs the same normalization assumption as Deaton (1997), assuming
that all time effects are orthogonal to a linear trend and average to zero.



assume no systematic changes in who is the household head. Thus one might consider consumption
patterns of 20-65 year olds between 1980 and 2005. Then the cohort aged 63 in 1980 would only be
followed for two more years before they age out of the sample.

The cohort of individuals aged a; in time period ¢; is denoted as cohort cj_41. Cohort ¢; is
thus aged a; at time t1, while cohort c4 is aged a4 at time t1, and ¢y is aged a1 at time to. We
assume that selection of the number of age groups and cohorts is predetermined, leaving issues of
optimal cohort selection for further research. The number of individuals sampled from cohort ¢; is
Ne;, which can vary from cohort to cohort, but for notational purposes is assumed to be the same
in each time period the cohort is sampled.

For individual 7 in cohort ¢;j_y41, of age a; in time period ¢y, the variable of interest Yircj_py1sa;.tr

is modelled as the sum of a cohort effect, an age effect, a time effect, and an individual error term?®:

Yicj_pyr,a5,te — Xej_pia + 6aj + YVt + €i,cj_pt1,a5,tk (1)

Our underlying assumption will be that the error term €ircj_pi1,a;,t, contains an individual fixed

effect and a time-varying individual level component.* That is:

Assumption 1

€i,cj_pt1,a5,th — Wicj g1 + Nisej—rr1,a5,ts (2)

i .. 2 .. 2 i
where Wi, ., ~ i.i.d. (0,02), Mise;—pissagtn ~ G1-d. (0, an), Wiej iy ANA Ny oo\ a iy, OTE

independent, and E (64 ) < 00.

4,Cj—k4+1,05,tk

In many empirical applications, including those in this paper, we do not observe the same individ-
uals for multiple periods. Instead, following Deaton (1985), one can form a pseudo-panel, whereby

cohorts are followed over time. Each individual is only observed once, and so we proceed by taking

3This is the additively separable model common in some of the literature. It could be further motivated in practice
by estimating a saturated model of cohort, age, and interaction effects, and testing that the interaction terms are
zero. Additional variables can also be included in the model (see the working paper, McKenzie 2002).

4In certain applications one may wish to allow for a time-varying cohort-level component to the error term.
Consistency then requires using asymptotics in which either the number of cohorts or the number of time periods
goes to infinity. McKenzie (2004) discusses pseudo-panel estimation under these alternative asymptotics.



means of equation (1) over cohorts at each time period:

1 Tej gt 1 Tej gt
E yi(tk),cj,k+1,aj,tk = OéCj,k+1 + /Baj + ,Ytk + E €i(tk),Cj,k+1,aj,tk . (3)
e Rejrr 524

Here the i (t;) subscript is used to make explicit the fact that different individuals are observed in
each time period in the pseudo-panel.
The following assumption is made on the relative cohort sizes, which assures that one continues

to obtain new observations from each cohort as the total sample grows:

Assumption 2 : For all s = 2 —T,..., A, there exists 0 < §; < 00, such that n., /n. — 05 as

Ne, — 00 .

. —_ Ne; g
Letting J.. ;1 0,00 = 7 35 Wi cj_w+1,a;,t, denote the cohort sample mean of the
—k 1,05, e pp1 L= , aj,

variable of interest for cohort ¢j_zy1 in time period ¢y, the pseudo-panel version of equation (1) is

then

Yejnira5,te — Xej—rtr + 6%‘ + Vg + Eejpr1,az,ty - (4)

The identification problem which arises is that an individual’s birth year added to their age gives
the current year, so that the regressor matrix of equation (4) is singular. That is, without further

assumptions, one cannot separately identify age, cohort and time effects.

3 Identification of second derivatives

3.1 Age effects

Consider equation (4) for cohort ¢; at time periods t; and to:

ycl,al,tl = Q¢ +ﬂa1 + Yty +501,(117t1 (5)

yc1,(l‘2,t2 = Q¢ + ﬁag + Vito + €cia0,ts (6)



Subtracting (5) from (6) eliminates the cohort effect and gives

Atycl,ag,tQ = (ﬁaz - 5(11) + (’71&2 - ’7t1) + At561,a2,t2 . (7)

where AtYe, aots = Uerianits — Yeran,t; denotes the first time difference of g, ,, +,, and similarly
A¢E¢y ast, is the first time differenced error term. More generally, time differencing for cohort

¢j—k+1 between periods t;_; and tj gives:

Atycj7k+1,aj,tk = (6(),]- - 6(),]-_1) + (’Ytk - F)/tkfl) + AtECj,k+1,aj,tk . (8)

This equation is an extension of equation (4) in Attanasio (1993) from the case of polynomials in
age, cohort, and time effects to dummy variables for all three effects. Attanasio suggests estimating
this equation by OLS in order to identify the shape of the age profile for changes in the variable of
interest, but does not provide conditions for consistency of this estimator, or details of the standard
errors of such estimates.

Our method proceeds by noting that from (7), time differencing the observations for cohort ¢,

between time periods t; and ty gives:

At?cz,ag,m = (/60,3 - 5a2) + ('Vtz - ’7t1) + A¢Eey agts - (9)

Now subtracting (7) from (9) eliminates the differenced time effect and yields:

AcAtycg,ag,,tz = (60,3 - /Bag) - (6(12 - Bal) + AcAtgcz,ag,tz (10)

where AcAiYe, asts = AtYey a5t — AtYey a6, denotes the first cohort difference of Ay, 4. 4, In
terms of notation, we define differences over cohorts and time periods, which will also implicitly define
age differences. A ¢ and/or ¢ subscript indicates that the difference is taken over cohorts and/or
time periods, while the absence of a subscript for cohort (or time) indicates that the difference is for

the same cohort (or time). Negative signs indicate forward differences. For example, A 47, .. 1, =



Yesazta ~ Yea,aa tse

Generalizing equation (10) to cohort ¢;_j2, gives for j =2,...,A—1; k=2,...,T:

AcAtycj,k+2,aj+1,tk = (ﬁaj+1 - ﬁaj> - (Baj - Baj,1> + AcAtgcJ-,k+2,aj+1,tk' (11)

Define Baj+1 = (ﬁaHl - ﬂa,-) — (ﬁaj — ﬁaj_l). This parameter Baj+1 then measures the change in
the slope of the age effect profile for y. For example, Bag = (/3@3 — 5a2) — (5@ — 5(11) gives the
difference in the slope of the age profile between ages as and asg from the slope between ages as and
ay. From equation (11) we arrive at the following regression, for

i=2,.,A-1k=2..T:

AcAtycj,k+2,aj+1,tk = ﬁaj+1 + AcAt€Cj—k+2yaj+1;tk . (12)

Let Baj o denote the ordinary least squares estimator of 5%_ " from equation (12). That is
- 1 <&
Bajir = T_1 Z AcAtTe; paiagin e (13)

k=2
The following theorem then applies:

Theorem 1 Under Assumptions 1 and 2 and the data generating process given in equation (1), as

Ne, — 00, for T fized, we have:

(a) Consistency of the Second-Differenced Age Effects:

Buyie 2 Buyis = (Buyn = Bay) = (B, = Ba)

forallj=2,...,A—1.



(b) Asymptotic Normality:

(0 JJ+1) ’

ey (/Ba]+1 - 6a]+1)

4N
T
9 1
where 011 = 2(ol + a 2 Z ’
=2 j k+2 j k+1

Ne.
j—k+2
1

ikt =1

2
) denote

and letting var, (yi,cj,k+2,aj+1,tk) = (yi,Cj,k+2,aj+1,tk Yo, pio,aji1te

the cross-sectional sample variance across individuals in cohort cj_p12 at time t, we have

vare (yi70j7k+2,aj+1,tk) £> (0’3} + 0'37)
Remarks:

(a) Theorem 1 shows that it is thus possible to identify changes in the slopes of the age effects
profile without any parameter restrictions. If the age effects are linear, these terms should all

be zero.

(b) Part (b) shows that the variance of 3 can be estimated using the cross-sectional sample

aj+1

variance and the relative sample sizes of the different cohorts. That is, a consistent estimator

of the variance of /ng, (BaHl - Ba,~+1) is

T
~ 1 Ne Ne
Oj+1 = 2var, (yiacj7k+27aj+1,tk) - Z ( ' L4 ' 1 ) . (14)

The efficiency of this estimator can be improved by averaging the cross-sectional sample vari-

ances for all cohorts and all time periods, to arrive at the estimator:

T n 1 T A
8j+1 = 2 2 Z ( <+ fes ) AT ZZ vare yz i k+z,a3+1,tk) . (15)
=2 k=1j=1

nCJ k+2 nC] k+1

(c) Note that although the estimator B is obtained by running OLS on (12), the usual OLS

aj+1

standard errors will not be correct. Hence the need to use cross-sectional sample variances as

n (15).



3.2 Time effects

We can use similar methods to those above to identify the second differences of time effects and

cohort effects. Time differencing the observations for cohort ¢y between time periods ¢y and t3 gives

Atho,az,m = (/802 - 601) + (7753 - 77&2) + Atgcovamts (16)

Subtracting equation (7) from (16) eliminates the age effects, giving

A—C,tAtyco,az,t3 = (’Yt3 - ’Ytz) - (rth - ’Ytl) + A—C,tAtECO,az,t?, 9 (17)

where A_c i AYeo a0ts = AtUeq an,ts — DtTey a1, 0 general, for cohort ¢j_pi1, j =2,..., A, in time

period tg, k=3,...,T,

AfcgtAtij_k_*_l,aj,tk = (’)/tk - ’ytk_1> - (’)/tk—l - ,Ytk_2> + Afc7tAtgcj—k+17ajatk (]‘8)

Defining 7, = ('ytk - ”)’tk,l) — ('ytki1 — 'ytkiz), we arrive at the following regression, for j = 2, ..., A;
k=2,..T:

A—c,tAtycj,k+1,aj,tk =V T A—C,tAtECj—kJrhaj,tk : (19)

The 7,, are the changes in the slopes of the time effects profile. In a number of applications one
might be interested in determining whether there was a structural break or shock in a particular
period. Estimation of 7,, will be informative for this purpose. For example, if y measures consump-
tion, then 7, < 0 implies that (%k — %k_l) < (%k_l — %k_g). That is, the rate of change of the
time effect has fallen, meaning that consumption growth has fallen in this period.

Let 7,;, denote the ordinary least squares estimator of 7;, from equation (19). That is

A

~ 1 _

Ry Z A_ctDiYe, iia;tn (20)
j=2

The following theorem then shows 7;, is consistent and asymptotically normally distributed after

10



appropriate scaling:

Theorem 2 Under Assumptions 1 and 2 and the data generating process given in (1), for all k =

2,..,T, as n., — oo, for T fized,

(a) Consistency of the Second-Differenced Time Effects:
~ P o~
,Ytk - ’Ytk = (’Ytk _’Ytkfl) - (,ytkfl - vtk72> .

(b) Asymptotic Normality:

. ~ \ d
V1eq (’Vtk - ’Ytk) - N(Oa Hk) s
A
1 1 1
where k, = 2(02 +02) ——— ( + )
* ( ) (A-1)? ; Oj—kt2  Oj—kt1

Remarks:

(a) Note that Theorem 2 requires at least three time periods for changes in relative time effects
to be identified, whereas Theorem 1 shows that changes in the slope of the age profile can be

identified with only two time periods, which may be all that is available for some data sets.

(b) The variance kj can be estimated using cross-sectional sample variances and relative cohort

sample sizes as was done for the age effects.

3.3 Cohort effects

Finally, to estimate second differences in the cohort effects, consider (4) for cohort ¢ at time period
t2:

5027a3,t2 = O, + ﬂag + Vo +5027G37t2 . (21)

Subtracting (6) from (21) eliminates the time effects and gives:

Acy027a37t2 = (e, —agy) + (ﬁag - ﬁag) + AZesas,ts s (22)

11



where AY., ooty = Uesasits — Jeran,t, denotes the first cohort difference of 7, ,. ;,. Taking first

cohort differences of 7., .. ;, likewise gives:
as,

A0y037a37t1 = (g — ag,) + (ﬁag - ﬁag) + AcEesas,ts - (23)

Subtracting (22) from (23) eliminates the age effects, giving
A tBYeq a5, = (Qes — @) = (Qey = Qey) + A —tAEega,t1 (24)

where A tATey oty = Aclegast; — Deeyasto- FOr cOhort j, j =4 T, . A k=1,...T -1,

such that 2 < k+ j — 1 < A, this extends to:
AC’*tAcij,akﬂ'—htk = (acj - Oécj,l) o (acj—l - acj—z) + AC’*tACECjﬁawj—htk : (25)

Cohort j is only observed when its members are aged ai,...,a4. Defining a., = (acj — acjfl) -
(acj_l - ozcj_g), we arrive at the following regression for j =4 —T,..., A, k =1,...,,T — 1 such that
2<k+j-1<A,

Ac,—tAcycj7ak+j,17tk =0, + AC,—tAC‘ng,ak«}»j—latk : (26)

Let @, denote the ordinary least squares estimator of a., from equation (26). That is

1 min(A—j+1,T—-1)

aCj = F Z Ac,—tAcycj,ak+j,1,tk ) (27)
J k=max(3—j,1)

where H; = min (A —j 41,7 — 1) — max (3 — j,1) + 1 is the number of times A _tAY, 40, 4,

is observed for a given c; .The following theorem provides for consistent estimation of the change in

slopes of the cohort effect profile.

Theorem 3 Under Assumptions 1 and 2 and the data generating process given in (1), for all j =

4—-T,..., A, as ne, — o0, for T fized,

12



(a) Consistency:

(b) Asymptotic Normality:

~ ~ N\ d
Vier (G, = @) = N (0,7;)
1 min(A—j+1,T7-1)
where m; = (UZ + 0727) —5
J

k=max(3—j,1)

3.4 'Wald tests of age, cohort and time effects

Now that we have consistent estimates of the changes in the slopes of the age, cohort, and time
effect profiles, one can carry out Wald tests to test specific hypotheses about the shapes of these

profiles. In particular, one may wish to test one of the following hypotheses:

i) Hi:Boy = Boy, = = Ba,
& (Bay = B2) = (Bay = Ba,) = (Buy = Bus) = (Bay = Bus) = o = (Buy = Baa_y )= (Bausy = B
i) Hy: Boy = By = oo = Bap =06 (Bay = B,) = (Bay = Bus) = = (B = B )

Testing H; enables one to see whether the change in the slope of the age effect function is
constant or whether it changes over the range of ages considered, which can be considered a test
of whether the age effect function is quadratic. The corresponding test applied to time effects will
also enable one to determine whether there are any trend breaks in the time effect function. The
second hypothesis, Hs, goes further, testing for linearity of the age effect. Failure to reject Hy means
failing to reject that the age effects can be replaced by a linear age term. The corresponding tests
of whether all of the a.; or all of the 7, are zero likewise enables one to determine whether cohort
effects or time effects are linear in the data.

In order to carry out this Wald test, stack the estimates ﬁ from (13) to form the vector

aj+1

~ ~ ~ ~ / ~ ~ ~ /
B= (ﬁa3,6a4, ...,5aA) let B = (6a3,6a4, ...,ﬁaA) , and let ©, be the (A — 2) x (A — 2) covariance

matrix of the \/ng, (Eaﬂl — 5%“)’3, with elements to be given shortly. Let Qa be the consistent

13



estimator of Q, obtained by estimating (02 +02) by < S Zle vare (Yise;_prarayin,tn) and

1 by mg& The Wald test of the null hypothesis Hy : RB = r, for a known d x (A —2)

Cj—k+2 1

matrix R and d x 1 vector r, is then given by its standard form:
~ / ~ -1 ~
W, =ne, (RB=1) (ROR) (BB -1)

Theorem 4 under Assumptions 1 and 2, as ne, — 0o, for T fized,

o~

(a) Qq has elements Q;, = cov (\/TT1 (5aj+1 - Baju) s/ Mey (Bathl - Bah+1>)7

for j,h=2,..., A—1 given by
(ai+02) T 9 9 ) .

(T—1)g Zk:Q (5j7k+2 + 5],7]”1) ifh=7

—(oita3) [ 71 ( 3 . ) , } o
Qjn= (T-1)? k=2 \5., ., + Ser + I ifh=j+1

(ai-‘raf) T—1 1 . .
(T—1); P ifh=j5+2

0 otherwise

(b) under Ho : RB =1, Wy, <, X3

Wald tests on the cohort effects and time effects can similarly be formulated in the standard way,

and will also have the usual x? distribution under the null hypothesis.

4 Identification with normalizations

The preceding section showed that with no restrictions on parameters, one can identify changes in
the slopes of the age, cohort, and time effect functions. Next we show that with a normalization on
one of the slopes of these effects, one can move from identifying the second derivatives to identifying
the first derivatives or slopes of the age, cohort, and time effect functions. Recall from equation (8),

we have for k=1,...T—1,and j=1,..., A — 1,

Atycj_k+1,aj+1,tk+1 = (5@”1 - /Ba]-> + ('Vtk_,_l - 7tk> + Atgcj—k+1aaj+l7tk+l . (28)

and generalizing equation (22), for k =1,....T—1,and j =1,..., A — 1,

14



Acgcj—k+lva.i+l>tk+l = (acj—k+1 - O‘Ca‘—k) + (5‘1.7'+1 - /Ba]-> + Acgcj—k+17aj+1>tk+1 . (29)

From (28) and (29) it becomes clear that by normalizing any one particular slope for one effect, a
normalization can then be recovered for the slopes of the remaining two effects. The Wald tests
given above may be used to guide the normalization choice, and together with the sample context
will determine which explicit normalization the researcher has the most confidence in making. For
example, one could make the normalization 3,, = 3,,. With a large number of age groups, the
difference in age effects between two successive ages may be relatively small, making this assumption

more credible. More generally, we make the following normalization assumption:

Assumption 3 (Normalization of Age Effects): (6%“ - ﬁah) = X for some constant A and a

given h € (1, A —1).

With this assumption, one can then recover all remaining slopes of the age effect profile using the

—

estimated BaHI’S. Letting Eaj = (ﬁaj — ﬁa%l) denote the estimator of the slope of the age profile

between age a;_1 and a;, we recover:

bap, = A= By . fors=01,.j-2,
m=0

barye = A+ Y B, fors=23_ A—j. (30)
m=2

If the normalization made in Assumption 3 is true, then by Theorem 1, we have that ?)\aj 2

~ ~ o~ ~ N/ ~ ~
(5%- — 5%71) as n., — 0o. Recall that B = (5a3,ﬁa4, ...,6“) , and so we can write b,; = )\—i—m;B,

where m; is a (A —2) x 1 vector with elements of zeros, ones, and negative ones, as given in (30).

Then from the proof of the Wald test, we have ,/n., (E — B) 4N (0,9Q,), and hence

e, (ga‘,-ﬂ - (5%“ - 5%“71)) 4N (0,m], Qamjys) . (31)

15



Substituting (ﬁahﬂ - ﬂah> = ) into equations (28) and (29), one then obtains the following esti-

mators of the slopes of the time and cohort effects for k =1,..,T — 1:

(’Ytk+1 - 7%) = Atych,—k+1,ah,+1,tk+1 —A ’

(ach—k-H - ach—k) = Acych—k+1,ah+17tk+1 —A. (32)

However, more efficient estimators than those in (32) can be obtained by also using the estimated
changes in age effects, Baj, Substituting the Eaj into (28) and (29) and rearranging gives for k =
1,...T—1l,and j=1,...., A—1,

~

- baj+1 = (7tk+1 - f}/tk) + Atgcj—k+1;aj+17tk+l (33)

tYe; ri1,a541,tht1

~

Acycjfk+17“j+1»tk+1 B baj+1 = (acj—k+1 - O‘Cj—k) + ACEC;‘—Hl,aHhtHl (34)

—

Let G,y = (Vtkﬂ/i 'ytk_) and @c; = (., — ,_, ) denote the least squares estimators of ('ytk_+1 - 'ytk>
and (o, — ac,;_,), based on A — 1 and Hy; = min (T, A — j +1) — max (1,3 — j) + 1 cohort-level
observations respectively. This can be done for a particular k, with the remaining slopes being recov-
ered from the 7, and a.; through the time and cohort effect versions of equation (30). Alternatively,
(33) and (34) can be used to obtain each cohort and time slope.

To identify the age, cohort, and time effects themselves, rather than just their changes, addi-
tional normalizations are required. From the basic specification in equation (4), it can be seen that
normalizing two of the effects implicitly places a normalizing restriction on the third effect. For
example, one could set the first time effect and the first cohort effect both equal to zero. Under
these normalizations, one can recover estimates of the other time effects and cohort effects from

the slope estimators gy, ., and @;. Letting a7 ,  and 7, denote these estimates, one can then

k+1

estimate the age effects from the following regression:

— * x —
ycj,k+1,aj,tk - acj—k+1 VYt = ﬁaj + €cj_pt1,a5,te - (35)
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5 Empirical examples

5.1 Example 1: The effect of a crisis

We provide two applications to illustrate potential uses of this method. The first application is to
determining whether there was a significant effect of the 1995 Mexican peso crisis on consumption.
Figure 1 graphs Mexican household consumption by two-year birth cohort against two-year age
group for households with heads aged 25-64. Cohort sample sizes range from 214 to 754, with a
mean cohort sample size of 450 observations. The data are taken from the 1992, 1994, 1996, 1998
and 2000 Mexican ENIGH household surveys of income and expenditure, and are described in more
detail in McKenzie (2003). The 1995 peso crisis resulted in large drops in income and consumption
between 1994 and 1996. The standard hump-shaped age pattern can be seen, although there is a
lot of noise around this, and it appears that at a given age, younger cohorts generally consume less
than older cohorts did.

The top row of Figure 2 plots the estimated changes in the slopes of the age, cohort, and time
effect profiles estimated using the methods developed in this paper. There are noticeable variations
in the slopes of the age and cohort effect functions, suggesting that a quadratic in age and in cohort
would not adequately capture these effects. The Wald test statistic for testing the hypothesis that
the changes in the slope of the age profile are constant is 593.5, with 17 degrees of freedom. One thus
overwhelmingly rejects that a quadratic captures the age effects present in the data. The time effects
are easier to interpret. The slope of the time effect function has a growth effect on consumption,
and hence the second derivative essentially captures a change in growth rate. The effects of the peso
crisis are seen in a slowdown in the growth rate between 1994 and 1996, as compared to between 1992
and 1994, and are captured by the negative value of the second derivative in 1996. The subsequent
recovery is seen in the positive coefficients on the second derivative in 1998 and 2000.

The second derivative of the age effect function is relatively constant around age 46, and coupled
with life-cycle theory which suggests that this is a relatively stable period of life, we normalize by

setting 3,,, — B,,, = 0. With this one normalization, we arrive at the first derivatives shown in the

a46
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second row of Figure 2. Making the further normalizations that the cohort effect at age 38 is zero,
and the time effect in 2000 is zero, we arrive at the estimated profiles in the bottom row of Figure
2. The age and cohort effects are seen to offset each other to a degree, while the large time effects

reflect well Mexico’s macroeconomic performance over the period of study.

5.2 Example 2: Is the age effect profile convex or concave?

As a second example, we examine the shape of the age effects in the variance of log consumption
in Taiwan, studied in Deaton and Paxson (1994). They show that an implication of the permanent
income hypothesis is that consumption inequality should increase on average with age. However,
they derive that the shape of the age-inequality profile should depend on the degree of persistence in
shocks to earnings. In particular, under the permanent income hypothesis, they show that the age-
inequality profile will be concave unless individual earnings contain a large stationary component.

Using data from Taiwan, they estimate the following equation for the variance of log consumption,

Ocj_py1,ak,te — Xej_jpia + /Baj + Ucj_jt1,a5,tk (36)

Note that they omit year dummies in this model.> They estimate this model and after normalizing
so that the fitted age effect at age 38 equals the average variance of log consumption for 38-year olds
over all cohorts, plot the fitted age effects. The fitted profile of age effects looks convex, which is in
contrast to their prior that the profile would be concave.

The methods outlined in this paper allow us to test formally whether the age profile is indeed
convex or concave. A globally convex age profile would imply that the slope of the age profile is
increasing with age, in which case we should find Baj > 0 for all j. Estimation of the Eaj allows
us to test this hypothesis, and also test whether the age profile is quadratic or linear over certain

ranges by means of Wald tests.

5Deaton and Paxson (1994) refer to an earlier working paper in which they normalize the time dummies to be
orthogonal to a linear trend and to sum to zero, and say they obtained very similar results under this normalization.
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We employ the same data as Deaton and Paxson (1994), consisting of annual data on real house-
hold consumption from 1976-96, taken from the Taiwanese Personal Income Distribution Surveys.
One year cohorts are formed based on the birth year of the household head, and all heads aged 20-75
are considered. Approximately 300-400 heads of each age group are observed each year, although
less than 100 observations are made on average for heads aged under 22 or above 66. Figure 3 plots
the second differences in age effects estimated from equation (13) for each age group, together with
an approximate 95 percent pointwise confidence interval about zero.> The effect of smaller cell sizes
is seen in a widening of the confidence bands at very young and older age groups.

The point estimates in Figure 3 show approximately an equal number of positive and negative
coefficients. However, the majority of these points lie within a 95 percent pointwise confidence
interval about zero, with second differences in age effects taking on larger values for ages above 55,
where the sample sizes start getting small. For household heads aged between 30 to 55, the second
differences in age effects appear relatively equal. Testing formally for equality of the Ba], for this age
range using the Wald Test gives a p-value of 0.895, so that we can not reject the null of equality of
second differences. As a result, a quadratic in age is at most all that is needed to model age effects
over this range. We can test further to determine whether the Baj are jointly equal to zero in this
age range. We can not reject this hypothesis for the age range 30-46 (Wald test p-value of 0.134),
but reject it strongly once we extend to age range 30-55 (Wald test p-value of 0.001). Therefore
for the age range of 30-46, a linear term in age is sufficient, and the age profile is neither strongly
convex or concave over this range.

Figure 4 then shows the estimated age effects profile based on this analysis for age range 30 to
55. The estimated age dummies from equation (36) are plotted under the same normalization as
Deaton and Paxson (1994) and show a convex age profile over this range. Our Wald tests reveal
a quadratic in age to be sufficient over this age range, and so we reestimate equation (36) with a
quadratic in age, again normalizing so that the fitted value at age 38 is the average of the variance

of log consumption at this age. The quadratic curve closely fits the curve based on age dummies, as

6The confidence interval assumes normality of log consumption in order to be able to calculate the standard error
of the sample variances.
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the Wald tests would suggest. Finally, we fit equation (36) with only a linear term in age, estimated
over the age range 30-46. Visually the curve based on age dummies closely tracks this fitted line
over this age range, in accordance with our inability to reject the Eaj being jointly equal to zero
over this range.

This example therefore illustrates the ability of the methods in this paper to determine whether
a general dummy variable specification for age effects can be replaced by a quadratic or linear term
in age, and to determine whether or not the age profile is convex. Overall our results show that while
the age profile has a convex quadratic shape over a wide age range, it can be well approximated by
a linear age effect over a 16 year age range.

Note that the data generating process in equation (36) is given at the cohort level, since the
dependent variable is the variance of log consumption for a given cohort in a given time period.
As such, the estimates of Eaj based on OLS estimation of this equation will be also be consistent.
However, the method set out in this paper in Section 3 has at least two advantages over OLS esti-
mation of equation (36) for estimating Ea],. This first, seen in this example, is that it automatically
provides standard errors needed for testing hypotheses about the shape of the age profile. Secondly,
the method provided by this paper will continue to be consistent when the data generating process
is at the individual level and contains individual fixed effects, whereas equation (36) does not allow

for fixed effects.

6 Conclusions

Our analysis shows that the linear dependence of age, cohort and time effects does not prevent the
estimation of meaningful linear combinations of these effects without the need to impose further
normalizing restrictions. Estimation of what is effectively the second derivative of each of the age,
cohort, and time effect profiles provides some information about their shapes, clearly identifies trend
breaks, and enables testing of quadratic and linear specifications to be done with respect to a very
general alternative. This was illustrated by means of two examples. The first example showed the

ability of the method to detect structural breaks in the time effect profile arising from the Mexican
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peso crisis. The second example showed how the method can be used to test for the convexity of an
age effect profile, and to determine whether a quadratic specification in age is sufficient.
7 Mathematical proofs

7.1 Proof of Theorem 1

Proof. To prove part (a), recall that under Assumption 1,

Ne.. Ne,
j—k+2 j—k+2
_ 1 1
€¢j pr2,ajr1te = n § : Wity),cjmniz T n § : Ti(th),cj—nr2,a54+1 bk
Cj—k+2 i=1 Ci—k+2 =1

Now as n., — oo, under Assumption 2 n.;_,,, — 0o, and then the Weak Law of Large Numbers

WLLN) for ii.d. random variables gives that L HerkR 2 E(w;) = 0 and
n 1=1 (

ikt ti),Cj—kt2

1 Mej k42 P _
[ Zi:l ni(tk)70j7k+2,aj+1,tk —FE ni,cj,k+2,aj+1,tk = 0. Hence as nCJ'*’H'? — 00,

- = - - - P
ACAthj—k-%—%ajJrlvtk - scj—k+21a,j+17tk - scj—k+21ajvtk—1 - 66j—k+1,aj,tk + €Cj—k+1,aj—1>tk—1 =0
andthus@ :E —l—;ZT AAE &B
ajt+1 aj+1 T—1 2uk=2 D¢ tCCjk42,a54+1,tk ajt1°
To show (b), note that as different individuals are sampled each period, wi(t,),¢;_ .o a0d Wi(t,),c; 1o

are independent under Assumption 1 for all s # k, and so each €;(1,).c; 10,0541t 18 11.d. (0, o2 + a%).

By the Lindeberg-Levy Central Limit Theorem,

Mej_jto
Ne, 1 i d 1

E €i(tr),Cj—piz,ajrite
j—k+2,A5+4+1,lk .
Tyt \/Tej—ri2 527 Oj—kt2

Ve €ej_ypn,ajpnte = N (0’ ol + 0727) )

and similarly /e, AcAEe; . 10,a41.t 4N (0, (02 +02) (6172“2 + 63_72]”1)). The convergence of
ﬁ ZZ:Q Ve AcAtEe; a4t follows under the independence assumptions. All age, cohort and
time effects in (1) are constant when we consider only individuals in the same cohort in a given time

period, and so taking cross-sectional variances, we have vare (Yi.e, . 1,a;.60) = Va7¢ (€ire;_piriaste) =

ai—l—a%. Convergence of the sample cross-sectional variance to the population cross-sectional variance
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follows from the assumption of existence of fourth moments made in Assumption 1.

7.2 Proof of Theorem 2

Proof. The proof of part (a) follows from the proof of part (a) of Theorem 1 as each 2, _, ., a;.t, 20

as n., — oo. Part (b) follows the proof of part (b) of Theorem 1.

7.3 Proof of Theorem 3

Proof. The proof follows closely the proof of Theorem 1.

7.4 Proof of Theorem 4

Proof. Theorem 1 gives that Baj+1 2 Ba;., 88 N, — oo for all j and thus that B % B,
Ne, (Eaj+1 - BaHl) 4 N (0, 0j11), and Gj41 2 0j41. To determine the limiting covariance
matrix, we need to evaluate the off-diagonal entries of ,. For h # j, h = 2,..., A — 1 we therefore

wish to evaluate

FE (\/n_cl BQHI - ﬁajJrl) \/E (Blthrl o B“iﬁl))

- R
= F nC1T_ 1 E ACAtECj—k+27aj+17tkT 1 E ACAtECIL—s+27ah+17ts . (37)
k=2 s=2
Recall that
ACAthj—kJr%GjJrhtk = €cjkt2,ai41,tk T Eci—pt2,a5,th—1  ECi_kt1,a5,tk + €Cj k41,05 —1,tk—1" (38)

Under the i.i.d. assumptions made in Assumption 1, it is easily seen that

E( =0 for all (h,s)# (j,k) . (39)

8cj—k+27aj+1gtkECh—s+2gah+17ts)
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From (38) we have that

E (ACAthj—k+2aaj+17tk ACAtECh75+2>ah+1,ts) =

E ((Ecj—k+2vaj+1vtk T Ecjpt2,a5,th—1 T €cjpt1,a5.tk + Ecj—k+17aj—17tk—1) ACAtEC)L—s+2aah+l>ts )(40)

Expanding out the first element of (40) and using (39) gives

E (Ecj—k+27aj+1 Stk AcAt60}1—5+27ah+17ts )

= ZBH) it sy = (4 LR+ 1)

Mej_gyo

—E(

60j—k+2;aj+17tk sch—s+27@h;ts—l)

- if (h,s)=(j+1,k)

2 2
E (s 5 ) (ot
- Ci_k a; tr<Cch— ap,t
. j—k+2,05j+1:lk“Ch—s+1,Qh,ls Nej_gro

— — af,+af . .
E (Ecj7k+27aj+17tkEchferl,ah—l,ts—l) = ﬁml if (h’7 5) = (] +2,k+ 1)

0 otherwise

= F (gcj—k+2;aj+1;tk (sch—s+27ah+1yts — Ecp_si2,an,ts—1 T Ech_st1,an,ts + 60}1—5+17@}z—17ts—1))

Expanding out the other elements of (40) and combining their results with (41) then gives:

E (ACAtECj —k+2,0541,tk AcAt€ch75+2 ;Qh41,ts )

) it (o) = (G 2.0 +1)

Mej gt

— (o)) (o ) i () = G+ Lk + D)
— (02 +0h) s i (hs) = (J + 1.K)

=) ko) s i (e = (- Lk)
—(02+0) (Ao +ats) if (he) = (G- Lk-1)
LEtei) it () = (G~ 2.k~ 1)

0 otherwise

From (41) it follows that

T
E (ACAtECj—k-f—%ajJrlvtk E ACAtECh—.<+2,ah+1,ts>

s=2
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2 2
2to) spp—jyo k<T—1

Mej ko
3 1 . .
— (02 +02) ("%W n nCHH) ifh=j+1, k<T -1
(02402 2 ifh=j 41 k=T
Cj—k+2
= —(O’i+0’%)ncjfk+l ifth=7-1,k=2
2 2 1 3 e
— (o2 + Gn) ("rj,kﬂ + an,k+1) ith=3-1, k>3

0 otherwise

and hence that

T T
E E ACAtECj—k+27aj+1,tk§ ACAtECh—s+27ah+1gtS

k=2 s=2

2 2
i ) BTy

k=2 n"j—k+2

=) e B () rat] =i

Nej kg2 Mej gy Cj—T+2

0 otherwise

Using Assumption 3 and (44), we therefore have that as n., — oo,

T T

1 _ 1 _

E <n01ﬁ E ACAtst—k+27aj+lvtkﬁ E ACAtEChs+27ah+17ts>
k=2 s=2

1 7-1 (02+02) it h= 42

(T—-1)* k=2 8 jto

P —(02+02) T—1 3 1 2 . .
S e B (G ratn) et =i

(T-1)? k=2 Cj—k41 Cj—T+2

0 otherwise
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Figure 1: Household Consumption in Mexico 1992-2000 by Two-Year Cohort
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Figure 2: Estimated Age, Cohort and Time Effects for Mexican Household Consumption
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Figure 3: Second Differenced Age Effects for the
Variance of Taiwanese Log Consumption
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Figure 4: Estimated Age Effects in the Variance of Taiwanese Log Consumption
under Different Functional Forms
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