
Chapter 11
Estimation of PPPs for Basic Headings
Within Regions
Introduction
1. This chapter describes the methods that may be used to estimate purchasing power parities at the level of a basic heading for a specified group of countries. Each country in the group is accorded equal status and is treated in the same way. In the ICP 2003-2006 round, countries are grouped into regions so that this chapter is concerned with the methods that may be used to calculate basic heading PPPs within regions, independently of countries in other regions of the world.   
2. In order to obtain a global set of basic heading PPPs covering all 155 countries participating in the ICP, the sets of PPPs for the different regions have to be linked.  Chapter 14 below describes how the various sets of within-region basic heading PPPs may be linked together by means of PPPs between entire regions. These between-region PPPs compare prices in different regions after the prices within each region have been converted into a common currency, the regional numeraire currency, using the within-region PPPs.   

3. The inputs into the estimation of basic heading PPPs consist of the national average prices of the selected products within each basic heading .The national average prices are those emerging from the price collection and validation processes described in the preceding chapters.  

4. In general, no precise information is available about either quantities or expenditures within a basic heading. The parities for individual products cannot be weighted by expenditures. In a CPI context, indices of this kind that are calculated exclusively from price data, without the use of explicit expenditure weights, are described as elementary indices. Basic heading PPPs can also be viewed as elementary indices.
    

5. PPPs for most basic heading have to be estimated on the basis of a sample of products and prices. As explained in earlier chapters, the number of products on the ICP product list which countries use for price collection purposes may be only a fraction of the total number of products that make up a basic heading. The ICP list of products is not a random sample. It is a purposive selection that is worked out collectively by the regional coordinator and the countries of each region during the course of the pre-survey. Moreover, countries typically do not collect prices for all the products on the regional ICP list.  

Representativity

6. The distinction between representative and unrepresentative products can be important both for the selection of products for inclusion on the ICP product lists and for the estimation of PPPs at the basic heading level. The distinction was introduced by Eurostat into the calculation of the basic heading parities in the European Comparisons Programme in the late 1970’s. It has been introduced into the global ICP program for the first time in the ICP 2003-2006 round. As explained in previous chapters, the identification of representative products to be included on the regional product lists is one of the key functions of the pre-survey conducted within each region. Representativity also plays a key role in the EKS *, EKS-S and CPRD methods of estimating basic heading PPPs, to be explained in later sections of this chapter.   
7. Representativity is not a precise concept and may be subject to different interpretations. There may be some basic types of products, such as bread or rice, that might be regarded as representative in most, or all, countries.  However, bread and rice are generic terms. Many different types of bread and rice may be distinguished.  Some types may be popular in some countries but not in others.  If products are narrowly defined and tightly specified, as they need to be in order to ensure international comparability, it will generally be found that the vectors of the relative quantities of the individual products within a basic heading are liable to vary substantially between some of countries covered.  
8. It is useful to consider a concrete example. Let  qij  denote the quantity of  product i in country  j. Quantities of the same product can be summed across countries to obtain the share of each country in the total for the group of countries as a whole. For product i, the share of country  j, namely sij, is defined as  qij / Σj qij where the summation is across countries. One simple objective definition of representativity is that product i is representative in country j if sij is above average, where the average is taken over the different product shares in the same country. For convenience the average is defined as the median share. This divides the products within each country into equal numbers of representative and unrepresentative products. Alternative definitions could be proposed by dividing the products into more than two groups, but because of lack of information in practice it is advisable to keep things as simple as possible. As just defined, representativity is a relative concept. It means that a product is representative if it is consumed in relatively large quantities as compared with the group of countries as a whole.  Of course, the same product can be representative in quite a number of different countries on this definition.
9. The reason for distinguishing between representative and unrepresentative products is that the relative prices of representative products in a country may be expected to be low compared with relative prices of the same products in countries in which they are not representative. Conversely, of course, the relative prices of unrepresentative products will tend to be high. This will tend to happen as result of normal substitution effects. Products will tend to be purchased in relatively large (small) quantities precisely because their relative prices are low (high). This conclusion is not merely a theoretical deduction, as there is ample empirical evidence of the substitution effect at work in both inter-temporal and inter-national comparisons. 

10. Suppose that the universe of products within the basic heading consists of 6 products and 4 countries. By definition, each country has 3 representative and 3 unrepresentative products so that the total numbers of representative and unrepresentative products in the universe is also equal.   A numerical example is given in the table. 

Quantity Shares and Representativity

	Product
	Percentage quantity shares
	Representativity
	

	
	Country
	Total
	Country
	

	
	A
	B
	C
	D
	
	A
	B
	C
	D
	

	
	
	
	
	
	
	
	
	
	
	

	1
	40
	30
	15
	15
	100
	R
	R
	U
	U
	

	2
	25
	40
	15
	20
	100
	U
	R
	U
	R
	

	3
	30
	20
	30
	20
	100
	U
	U
	R
	R
	

	4
	50
	25
	15
	10
	100
	R
	U
	U
	U
	

	5
	35
	20
	25
	20
	100
	U
	U
	R
	R
	

	6
	45
	30
	25
	0
	100
	R
	R
	R
	U
	

	Median
	  37.5
	  27.5
	   20
	  17.5
	
	
	
	
	
	


11. Although each country must have an equal number of representative and unrepresentative products, it does not follow that the numbers of countries for which a given product is representative and unrepresentative also have to be equal. For example, product 4 is representative only in country A in the table, while product 6 is representative in three countries.  

12. If the data available to estimate the basic heading PPPs consisted of complete information on the prices, quantities and expenditures for the entire universe of products within the basic heading, there would be no point in drawing a distinction between representative and unrepresentative products. It would not provide any additional useful information. The basic heading PPPs could be estimated directly from the data available using an appropriate method such as the weighted CPD method explained later in the chapter without using representativity. 
13. In practice, however, the ICP has to work with small purposive samples of products selected during the course of the pre-surveys. Given that products need to be narrowly defined and tightly specified, as already noted, only a small fraction of the potentially very large number of products within a basic heading may be included on the ICP product lists. In this case, it is possible that, in contrast to the universe of products, there may not be a balance between the numbers of representative and unrepresentative products priced by each country.  
14. Suppose, for example, that the ICP list consists of products 1, 2 and 6 in the above table.  In this case, all three products are representative for country B, while countries C and D have only one representative product each. Assuming a negative correlation between the quantity shares and relative prices, most of the prices collected for B may be expected to be relatively low while most of those for C and D would be relatively high. This will tend to introduce bias into the sample estimates of the PPPs between these countries unless the method of estimation itself makes explicit allowance for the imbalances between the shares of representative and unrepresentative products. The EKS * , EKS-S and CPRD methods explained later do so by introducing information about representativity into the estimation method.

15. Information about the quantities of the products purchased in different countries is not available within a basic heading. It is therefore necessary for national price experts and market specialists to make an informed judgment about which products are likely to be representative or unrepresentative in their country on the basis of their knowledge of markets within the country. This is done at the pre-survey stage. Each product has to be labeled as either representative or unrepresentative. Notice by doing so additional information is gained about the products in the sample which can be utilized both in drawing up the products lists and in the estimation of the basic heading PPPs.  
16. Of course, representative and unrepresentative products may sometimes be incorrectly identified, but it is sufficient for the majority to be correctly identified for the labeling to provide useful information. In particular, national experts should be able to identify products that are very unrepresentative without great difficulty.     

Binary versus multi-lateral approaches

17. There are two different approaches to the estimation of PPPs for basic headings. The binary approach seeks to make the best possible estimate of the binary PPP between each individual pair of countries. Each binary PPP is estimated separately using data only for the two countries in question.  As the resulting binary PPPs are generally not transitive, they are subsequently transformed into a set of transitive parties by using the EKS formula
. Three different methods that exploit the EKS formula have been used in the European Comparisons Program over the last three decades. In two of them the distinction between representative and unrepresentative products plays a key role.  

18. The multilateral approach is to estimate a set of transitive parities for a group of countries simultaneously using data for all countries in the group. At the level of the basic heading, one example of a multilateral approach is the County Product Dummy method, or CPD, that was used in the first round of the ICP in 1970
.  It has been repeatedly used in other phases of the ICP over the last three decades. In the ICP 2003-2006 round, it is proposed to extend the CPD method to include representativity as an additional explanatory variable.

19. Both the EKS and CPD methods are explained in this chapter using a series of numerical examples. The examples are used not only illustrate how the methods are applied but also to compare and contrast the results generated by the EKS and CPD methods. The ICP Tool Pack contains the programs needed to implement any of the methods.  
20. The binary approach is considered first for ease of presentation. Binary indices are less complicated than multilateral indices.  Most index number theories, and the fundamental index number theorems derived from it, refer to binary indices. Moreover, it is necessary to refer to the properties and behavior of binary indices in order to explain those of multilateral indices.  
Three Versions of the EKS Method

21. Several methods have been proposed that make use of the EKS formula at the level of the basic heading.  At least three different versions exist in the literature on PPPs, each of which can be applied to unweighted or weighted price data. The existence of different versions is a potential source of confusion when they are all listed under the general heading of ‘the  EKS method’. The differences between them are explained below.  The first point to be clarified is that, strictly, the EKS is not a method of calculating PPPs but rather a formula that can be used to make already calculated PPPs transitive.  

The EKS Formula

22. As a preamble to discussing the different EKS methods, it is necessary to present EKS formula. In order to explain the EKS formula, it is necessary to introduce the concepts of direct and indirect parities. The direct binary parity between two countries j  and  k is calculated from the price data for these two countries only.  An indirect parity between two countries is one obtained by calculating it indirectly via a third country. Let the three countries be  j,  k  and  l.  Denote the direct binary parity for  k  on j  as PPPj,k .    

The indirect parity for  k on l  via  country l, namely lPPPj,k, is then defined as follows: 

(1)
lPPPj,k  (  PPPj,l  /  PPPk,l
23. In most cases, the binary parities between different pairs of countries are not transitive. Transitivity requires that every indirect parity lPPPj,k should equal the corresponding direct parity PPPj,k. Transitivity (which is sometimes described as circularity) is necessary for a set of multilateral parities for a group of countries to be mutually consistent. 

24. The EKS formula is needed when the binary approach is adopted for the calculation of a set of multilateral PPPs. In the binary approach, the first step is to calculate the PPP between each pair of countries on the basis of information relating to those two countries alone: that is, independently of the parities between any other pairs of countries in the group or region. Various different index formulae might be used to calculate the binary PPPs at the first stage, but most of them generate parities that are not transitive.   When the parities are not transitive, the second step is to impose transitivity, the EKS formula being used for this purpose. 

25. Assuming there are C countries in the group, the multilateral EKS parity for country  k  based on country  j  is defined as follows:

( 2 )
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26. When  l = j the ratio of the two  PPPs equals  1 /  PPPk,j ,  while when  l = k the ratio equals PPPj,k. Provided the direct PPPs satisfy the country reversal test, the EKS  PPP can be interpreted as the geometric mean of the direct PPP between j and k and all  C-2 indirect PPPs, the direct PPP carrying twice the weight of the indirect PPPs. The EKS formula may be derived by minimizing the sum of the squares of the logarithmic differences between the original intransitive PPPs and the transformed transitive PPPs. The EKS PPPs constitute the set of transitive PPPs that are closest to the original intransitive PPPs. The formula has been widely used and is extensively discussed in the literature.  
27. It is important to note that different EKS parities can be obtained for a given data set depending on what type of index formula is used at the first stage. It is sometimes assumed that the EKS method requires the first stage indices to be Fisher type indices, but this is not the case. As shown later, at the basic heading level the EKS formula is actually most often applied to Törnqvist type binary indices
.  Describing a PPP as EKS is not sufficient to identify what it is.  It is also necessary to know the kind of binary index formula to which the EKS formula has been applied. 

28. In practice, the binary PPPs between some pairs of countries may be missing because of lack of data, while some others might be rejected as unreliable. In these cases, in order to calculate the EKS parities the usual procedure is to estimate the missing PPPs indirectly before applying the EKS formula to a complete matrix of actual and estimated parities. The procedure usually followed is to estimate a missing PPP by the geometric mean of all the indirect PPPs that can be calculated for that pair of countries. Alternatively, it might be estimated by choosing one particular indirect PPP which is considered to be fairly robust. An element of judgment may be required depending on the number and quality of the underlying price observations.
29. The EKS formula given in (2) gives equal weight to each direct binary PPP. If some PPPs are more reliable than others, however, this may not be an optimal procedure. It is possible to introduce weights into the EKS formula by giving more or less weight to direct binary parities that are more or less reliable. In general, if information is available about the reliability of the indices, and if there seem to be significant differences in their reliability, it is desirable to introduce weights into the EKS formula.
 The EKS parities then become weighted geometric averages of the various direct and indirect binary parities.

EKS 1: The Original Variant
30. In this section, the original variant of the EKS method, which will be labeled ‘EKS 1’, is described. It was used in the past by Eurostat in the early stages its own PPP program, but was abandoned in favor of the second variant in 1982. However, it is necessary to describe the method, as it is important methodologically and also commonly assumed to be the EKS method.  

31. The countries and the products for which national average prices are reported may be presented in the form of a tableau in which it is customary for the rows to denote products and the columns to denote countries. The tableau can be written as follows.

Country   j
Product   i     

1
2
…
C
       1


p11
p12
…
p1C
       2


p21 
p22 
…
p2C
       .


  .
  .

  .

       .


  .
  .

  .

       n


pn1
pn2
…
pnC
32. In practice, some countries will not report average prices for some products so that there will generally be empty cells in the tableau.  

33. The original binary PPPs that are entered into the EKS formula may be calculated in a variety of different ways. In practice, they are usually calculated either as an unweighted or a weighted geometric mean of the price ratios pik / pij  for the products for which both counties have reported average prices. The binary PPP for country  k  based on country  j used in variant  1 of the EKS method is defined in (3).
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where njk  denotes the number of products for which both countries  j  and  k  have reported average prices:  njk  is less than, or equal to, nC.
34. The geometric mean figures prominently in both inter-temporal and inter-national price comparisons. In consumer price indices, or CPIs, a geometric mean of the price ratios, or price relatives, between different time periods is used by many countries as a form of elementary index. It is named the Jevons index in the 2004 CPI Manual after the 19th century English economist who advocated its use. The binary PPP in (3) may therefore be described as the Jevons index for k based on j. The weighted version of the Jevons index is, of course, a weighted geometric mean of the price ratios. The properties and behavior of the Jevons index are explained in some detail in the CPI Manual where it is noted that a number of arguments may be advanced in favor of its use, on both axiomatic and economic grounds. 
 

35. Unweighted Jevons indices are transitive only when each index covers exactly the same set of products.  More generally, weighted Jevons indices are only transitive provided the weights are the same for each index. This is one of the attractions of the index for CPI purposes. However, if the coverage of an index varies between different pairs of time periods or different pairs of countries, little if anything can be inferred a priori about inter-relationships between the resulting indices except that they will generally not be transitive.

36. When there are some missing prices and empty cells in the price tableau, the Jevons indices between different pairs of countries are not transitive. Transitivity can then be imposed by applying the EKS formula.  EKS  1 parities are obtained by applying the EKS formula to unweighted Jevons indices.

37. When the price tableau is complete and there are no missing price observations, the unweighted Jevons PPPs are all transitive, as just noted. This special case has attracted a lot of attention in the literature. In this case, there is no need to apply the EKS formula and it is not used.  The PPPs should therefore be described simply as Jevons PPPs and not as EKS PPPs.   

EKS Variant 2: Asterisk Method

38. Eurostat abandoned EKS  1  in 1982 and replaced it by the method described in the present section, which will be called the asterisk method or ‘EKS *.
 A detailed exposition of EKS  *  and its properties is given by Sergey Sergeev (2003). The EKS * method is so called because it makes use of the distinction between representative and unrepresentative products, the representative products being identified in the product lists by an *. 

39. The EKS * method recognizes, and exploits, the fact that, as already explained,  the prices of representative products are likely to be relatively low, whereas the prices of unrepresentative products are likely to be relatively high. The method proceeds by calculating two separate Jevons indices for each pair of countries. One Jevons index covers products that are representative in the first country, treated here as the base country. The other covers products that are representative in the second country. Of course, some products may be representative in both countries and included in both indices.  The two indices may be described as Jevons  1 and Jevons  2 respectively.  

Let the two countries be denoted by  j  and  k. 
Let Mjk denote the number of products that are representative in either country  j  or in  k, and for which average prices are reported by both  j  and k.  Mjk  will generally be smaller than  n,  the total number of products on the list for the basic heading.

Let MRjk denote the number of products that are representative in country  j  and priced in both  j  and  k.  

Let  MRkj denote the number of products that are representative  in country  k  and priced in both  j  and  k.

Of course, some products may be representative in both countries.

Next,  let   m  =   1,  … , Mjk   index the set of products that are representative in country  j  or in country  k, and for which average price are reported by both j  and k. 

Now, define the following weights.   

wmjk   =  1/ MRjk    if product m is representative in country  j.

wmjk   =   0            if product m is not representative in country  j.

wmkj   =  1/ MRkj    if product m is representative in country  k.
wmkj   =   0            if product m is not representative in country  k.

The Jevons  1  index,  Pjjk ,  for   j’s representative products is an unweighted geometric mean of the price ratios for the products representative of j: that is, 

(4)   
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40. This index has been described in various ways. In the past, it has often been described as a “Laspeyres type index”, but this description is not appropriate and is no longer used. A Laspeyres index is a weighted arithmetic average of the price ratios, or product PPPs, using the base country’s expenditures as weights. The Jevons  1  index is a unweighted geometric mean of the price ratios, or product PPPs . Its properties and behaviour are not the same as those of a Laspeyres index. 

41. Similarly,  Jevons  2  based on k’s representative products is defined as follows.
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42. In general, Jevons  1, or  Pjj,k ,  may be expected to be greater than Jevons  2, or  Pkj,k .  The denominator of each individual product PPP, pmk / pmj, entering into Jevons 1 consists of a product that is representative in the base country  j, whereas the product in the numerator could be either representative or unrepresentative of  k. Conversely, the denominator of each individual product PPP in Jevons  2  consists of a product that may be representative or unrepresentative, whereas the numerator includes only representative products. Given that unrepresentative products tend to have relatively high prices,  Jevone  1  may be expected to be greater than Jevons  2. This expectation seems to be borne out in practice.

43. Jevons  1  and Jevons  2 are then interpreted as placing upper and lower bounds on some underlying target index. The target index is likely to some kind of superlative index
  such as the Fisher or Törnqvist index
. However, there is not sufficient information on either prices or expenditures to enable these indices to be estimated properly. The sample of products is usually too small and not random.

44. The next step in the EKS  *  method is therefore to calculate a geometric mean of Jevons  1 and Jevons  2, the Pjj,k and Pkj,k indices, as follows.  

(6)    
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45. This index is a weighted Jevons index.  Generically, it is a Törnqvist type index and is denoted by PTj,k for this reason.
  A proper Törnqvist would use a simple average of the expenditure shares in the two countries as weights, whereas (6) uses weights that are can be viewed as rough approximations to the Törnqvist weights. 

46. It can be seen from (6) that there is no need to go through the process of calculating the two separate Jevons indices shown in (4) and (5) as PTj,k  can be calculated directly as a weighted geometric mean of the individual product PPPs or price ratios, using the weights shown. The derivation and nature of the weights is illustrated later with numerical examples. 

47. The final step in the EKS * method is impose transitivity on the Törnqvist indices by means of the EKS formula. If the Törnqvists are missing for some pairs of countries because of lack of data, the procedure adopted is the same as in EKS 1, namely to estimate the missing indices indirectly by linking through other countries.  

48. One of the main objectives of EKS * is to treat both countries symmetrically. The binary PPP between them is also not meant to be influenced by the fact that more of the products priced happen to be representative of country j than country k, or vice versa. 
 Equal weight is given to the Jevons 1 and Jevons 2 indices, irrespectively of the number of individual PPPs, or price ratios, on which each Jevons index is based.  This implies that if the number of j’s representative products is greater than k’s, each individual PPP for a product representative in j must carry a correspondingly smaller weight in the Tornqvist index than each individual PPP for products representative in k. The weighting may be illustrated by a numerical example.  

A numerical example of the EKS * method
49. Suppose country j has 10 representative products and the country  k has  5  representative products. The two sets of products overlap, 3 of the products being representative in both countries. Let the product  PPPs for  j’s representative product be numbered  1  to 10, and those  for k’s products numbered  8  to 12. Products  8,  9  and 10 are representative in both countries.  Both countries report prices for all 12 products.  
Let PPPi denote the logarithm of the ratio price ratio  pmk / pmj for  product m.  By definition,

(7)
Ln Pjj,k  =  1/10 (PPP1  +  PPP2  +   …   + PPP8  +   PPP9  +  PPP10 )

(8)
Ln Pkj,k =  1/5 (PPP8  +  PPP9   +  PPP10  +  PPP11  +   PPP12 )

(9)
Ln PTj,k  =  ½ { Ln Pjj,k +   Ln Pkj,k }

=  1/100 {  5( PPP1  +  PPP2  +  …  +  PPP6  +  PPP7 ) + 15( PPP8  +   PPP9  +              PPP10  )  +  10 (PPP11  +   PPP12 ) }

50. A number of points may be noted:
· First, because j has twice as many representative products as k, each individual PPP for a representative product of k carries twice as much weight in PTj,k as each PPP  for a representative product of  j. 

· Second, because products 8, 9 and 10 are representative in both countries, their PPPs enter into the calculation twice and carry more weight than the PPPs for the remaining products. In this example, each of these three products carries a weight of 15 % reflecting the fact that each receives a weight of 5 % in respect of country j  plus a weight of 10 % in respect of country  k.   

51. The binary PPP between this pair of countries is therefore a Törnqvist type index, or weighted Jevons, in which the PPPs for products 1 to 7 carry a weight of 5 %;  those for products 8 to 10 carry a weight of 15 %, while those for products  11 and 12 carry a weight of 10 %. The pattern of the weights depends on the relative numbers of representative products in the pair of countries in question that is on the ratio MRjk  / MRkj  and also on the relative size of the overlap between them, i.e., the set of products that are representative in both countries. The weights are easily worked out case by case. 

EKS  1 and EKS *  compared

52. Even when there is a complete price tableau, the EKS * binary parities may differ significantly from the EKS  1 parities. First, differences will occur in the original binary parities because these are Törnqvists, i.e., weighted Jevons, in EKS *, whereas they are unweighted Jevons in EKS 1. Second, the Törnqvists have to be transformed by the EKS formula in EKS * to make them transitive, whereas the unweighted Jevons parities in EKS 1 are already transitive.  In these circumstances, the EKS formula is not even used in EKS 1, as already noted. 

53. When implementing EKS *, Eurostat customarily excludes from the estimation of the Jevons indices the PPPs for products that are priced in both countries but are unrepresentative in both countries. The rationale for this is not entirely obvious since, in principle, they provide unbiased estimates of the basic heading PPP. The prices for products that are unrepresentative in both countries do, however, exert an indirect influence on the final multilateral parity between them when the transitivity is imposed via the EKS formula.
54. Another problem has already been mentioned. Ideally, the EKS formula requires a complete set of C(C – 1 ) / 2  binary parities between every pair of countries, but some of these may be missing or deemed to be too unreliable to be acceptable. One criterion that has been used by Eurostat in EKS * to flag possibly unreliable binary Törnqvist parities is the ratio of the two Jevons indices, Pjj,k  / Pkj,k, given in (4) and (5)  above. This ratio has been conventionally described as the ‘Laspeyres-Paasche’ spread, but the Jevons spread might be more appropriate terminology. It is possible to designate an upper limit to the ratio, such as 1.5, above which that particular binary Törnqvist is rejected. This screening device can be built in as an integral part of the EKS * method.
55. PPPs can be estimated in various ways for binary comparisons for which the original Tornqvist PPPs are missing or rejected as unreliable. One common procedure has been to estimate the missing PPP by the geometric mean of all the possible indirect PPPs via third countries. This is the method preferred by Eurostat. Alternatively, one or more indirect PPPs that are considered to be particularly reliable might be selected and a geometric mean taken of these. 
56. There are also other ways of dealing with the problem of missing parities. The EKS formula can be applied in an iterative fashion to an incomplete matrix of binary PPPs to obtain a complete matrix. It is also possible to use a weighted version of the EKS formula.
 Using weighted EKS, the weights assigned to the Törnqvists can reflect their reliability, missing Törnqvists receiving zero weights.

57. The existing Eurostat method is described as making use of the principle of graduality. Sergey Sergeev (2003, p. 4) writes: “The principle of graduality means that it is not necessary to compare bilaterally each country with each country. The countries with (very) different consumption patterns (without common priced items) can be compared indirectly via third or more similar countries.” While the rationale for the principle of graduality is clear, it cannot be implemented in a wholly objective manner. For example, different countries might be chosen as link countries by different agencies. 
58. Finally, it has recently been proposed by Sergey Sergeev that EKS * should be superceded by another variant of EKS. The reason is that EKS * does not necessarily lead to ‘balanced’ or ‘unbiased’ estimates in all circumstances. This has lead to the proposal to replace it by the third variant of EKS, described as EKS - S. It is designed to address the variation between countries in both the absolute and relative numbers of prices that are reported for representative and unrepresentative products. Suppose, for example, the set of MRkj products that are representative of k and priced in both countries is entirely contained within the set of MRjk products that are representative of j and also priced in both countries. In other words, all the products for which j reports price are representative in j, whereas k reports a mixture of representative and unrepresentative products. It may be argued that in this case Pkj,k provides an unbiased estimate of the target index because all MRkj products are representative in j as well as k. On the other hand, Pjj,k still has some upward bias because (MRjk - MRkj) products are representative in j but unrepresentative in k. PTj,k still contains some residual upward bias therefore. EKS-S is designed to correct for this kind of bias.

EKS Variant 3, or EKS-S 

59. The method described in this section is a modified version of EKS * which has certain theoretical advantages over EKS 2. The method was developed by Sergey Sergeev and has been labeled ‘EKS-S’ by Eurostat. It is described on pages 9 to 13 of Sergeev (2003) referred to earlier.

60. Reverting to the numerical example used in the previous section, it is clear from equation (9) that the Törnqvist can be regarded as a weighted average of the PPPs in three, rather than two, groups of products: namely, those for 

· Products that are representative in A but not in B: (products 1 to 7)

· Products that are representative in both countries: (products 8 to 10) 

· Products that are representative in B but not in A: (products 11 and 12).

61. As already shown, when EKS * is used the weights for individual PPPs in groups 1, 2 and 3 are 5 %, 15 % and 10 % respectively in the numerical example.  

62. However, the EKS * can also be viewed as a weighted geometric mean of the Jevons indices for each of the three groups, instead of a weighted average of the individual PPPs. In the above example, the total weights for the three groups are: 

Group 1: 35 %
Group 2: 45 %

Group 3: 20 %

63. The geometric mean PPP for the second group should provide an unbiased estimate of the target PPP because representative products are being compared with representative products. The geometric mean for the first group has an upward bias compared with the target, while the geometric mean for the third has a downward bias. In this example, EKS * gives more weight to the geometric mean for group 1 than to that for group 3. It can be argued therefore that EKS * does not provide an unbiased estimate of the basic heading PPP. In order to have an unbiased estimate, equal weight should be given to the geometric mean PPPs for the first and third groups. As the weights for groups 1 and 3 cannot be expected always to be equal, the EKS * method is liable to produce biased results in general.

64. The alternative procedure proposed by Sergey Sergeev is designed to eliminate this kind of bias. 

· Divide the products and their PPPs into the three mutually exclusive groups defined above.

· Count each PPPi in the second group twice on the grounds that PPPs between products that are representative in both countries are unbiased and likely to be more reliable. 
· Adjust the total weights for the first and third groups to make them equal while keeping their combined weight unchanged.

· Take a weighted geometric mean of the Jevons indices for each of the three groups using the adjusted weights. 

65. In the above numerical example, counting each PPP in group 2 twice doubles the number of PPPs in group 2 from 3 to 6, so that the relative sizes of the three groups become:

Group 1: 7/15 or 46.7 %

Group 2: 6/15 or 40.0 %

Group 3: 2/15 or 13.3 %

66. Equalizing the weights for groups 1 and 3, while keeping their total weight unchanged, the weights for the 3 groups are as follows. For convenience and for purposes of comparison, the EKS * weights are also shown.




Group Weights 




EKS - S    
EKS  * 


Group 1:   
30 %

35 %


Group 2:   
40 %

45 %


Group 3:      
30 %

20 %

67. Using EKS-S, the basic heading PPP would therefore be a weighted Jevons index in which the geometric means for the three groups are weighted 30 %, 40 % and 30 %. It is not appropriate to describe it as Törnqvist because the weights applied to the individual price ratios are no longer a simple average of the weights in each of the two countries. 
68. It is possible to work back from the group weights to derive the weights for the individual PPPs within each of the three groups. In the numerical example, the weights for the individual PPPs turn out as follows. For convenience, the corresponding weights for EKS * are again repeated:





Individual PPP Weights






EKS-S

EKS *


The 7 products in group 1:  
  4.3 %

5 %


The 3 products in group 2: 
13.3 %

15 %


The 2 products in group 3: 
15.0 %

10 %
69. The weights for EKS-S are similar to those for the Tornqvist, the main difference being that the equalization of the total weights for sets 1 and 3 results in a significant increase in the weights for the individual PPPs in the third group. Equalizing the total weights for groups 1 and 3 was, of course, the object of the exercise.  

70. From a theoretical viewpoint, EKS–S seems to be marginally superior to EKS *. While the two methods are likely to produce very similar results in most cases, there may be exceptional cases in which they yield significantly different results. Both methods introduce differential weights for the individual PPPs that are by no means intuitively obvious, and which are liable to vary considerably depending on the relative sizes of each of three sets of products. These methods cannot be applied mechanically as other factors have to be taken into consideration, including the absolute numbers of product PPPs.
71. As in the case of EKS *, the weighted Jevons indices yielded by EKS - S will not be transitive as the weights will tend to differ from one pair of countries to the next. The final step in EKS–S, as in EKS *, is therefore to impose transitivity using the EKS formula.
72. Both EKS * and EKS-S are liable to generate quite complex weighting patterns which are far removed from the equal weights of EKS 1. Both methods are therefore liable to produce substantially different results from EKS 1. 

Some Problems with the Binary Approach 

73. There can be some difficulties in implementing either EKS * or EKS-S if the absolute numbers of products in any of the three groups becomes very small or zero.  For example, suppose the number of products in group 3 in the above example were to be reduced from 2 to 1. Using EKS-S the geometric mean PPP for group 3 has to be based on a single PPP. Obviously, an average based on a single observation has to be very erratic. When EKS-S  is used, it may be argued that it would not be optimal to reduce the 7 PPPi s in set 1 to an average and then to give this average no more weight than the single PPPi in set 3. If there are no products in set 3 then the question arises of what use, if any, can be made of the Pi s in set 1 when there are no counter-balancing Pi s for them in set 3. The problem remains even if EKS * is used, although it may not be so acute as for EKS-S.   

74. Several possible scenarios need to be considered. Groups 1, 2 and 3 continue to be as defined above: namely,

Group 1 contains products that are representative of A but not B.

Group 2 contains products that are representative of both A and B.

Group 3 contains products that are representative of B but not A.

· If groups 1 and 3 are both empty, the basic heading PPP can be estimated using the PPP s for group 2 alone. As the products are representative in both countries, their geometric mean provides an unbiased estimate of the basic heading PPP.

· If there are PPP s for group 1 but none for group 3 (or vice versa), the group 1 PPPs would have to be ignored in EKS-S, the basic heading PPP being estimated with using the PPPs for group 2 alone. However, it must be a matter of concern if the PPPs in group 1 are discarded and not utilized. They would not have to discarded using EKS *, but it can be argued that EKS * produces biased results in these circumstances (as indeed would EKS 1).  

· If group 2 is empty, but there are Pi s for both groups 1 and 3, the basic heading can be estimated by giving the geometric means for groups 1 and 3 equal weight.

· If PPPi s are available only for group 1 or group 3 with no observations for group 2 either, the basic heading PPP cannot be estimated using either EKS * or EKS-S. Again, there has to be concern if data are not utilized.

In principle, the fourth scenario is unlikely to occur as it implies that one of the countries has not provided prices for any of its own representative products. 

Binary PPPs within a multilateral program
75. One of the advantages of the binary approach is that a proper binary comparison conducted between two countries on their own is capable of providing a reliable and robust estimate of the basic heading PPP between them. The product list can be composed entirely of products that are representative in one or other (or both) of the two countries compared. A PPP estimated on the basis of such a product list is sometimes described as being most ‘characteristic’ of the two countries concerned. 
76. However, a binary PPP calculated within the framework of a multilateral PPP program will not be the same as the binary PPP that would be calculated for a pair of countries taken on their own. Binary comparisons made within the framework of a multilateral program are not conducted independently of other countries and do not have maximum characteristicity. The PPPs have to be calculated using a product list that will include many products that are unrepresentative of both the countries compared. It will contain fewer of the products that are representative in one or other, or both, of the two countries compared than would a product list of the same size drawn up specifically for the purposes of a binary comparison between them. Because of the needs of the multilateral program, the two countries will have to devote resources to the collection of prices that they would not collect if they were conducting a binary comparison between themselves independently of other countries. 

77. The binary parities calculated using a common multilateral list of products need therefore to be distinguished from genuine binary parities. For a given size of list, the more countries that are included in the multilateral program, the fewer the products that are likely to be representative of any particular country and the less reliable the binary parities between individual pairs of countries are liable to become. Given that the resources that can be devoted to price collection are limited, the number of countries which have to share the same common product list may also have to be restricted in order to ensure that individual PPPs between pairs of countries do not become too unreliable. This is effectively an argument for regionalization, the need for which has been recognized by the ICP. 
78. Another multilateral method that uses the binary approach is the spanning tree method. Assuming there are C countries, it is possible to find an optimal set of C-1 transitive binary PPPs of the kind used in the EKS * method that link together all the countries covered. For example, the optimal set could be defined as the set that is collectively the most reliable. As the method is more appropriate for linking aggregate PPPs than basic heading PPPs, it is not elaborated further here. A summary of the method is given in the following chapter.  
The Country Product Dummy, or CPD, Method

79. The CPD method is an example of the multilateral approach to the estimation of PPPs at the basic heading level. As already noted, the CPD method was developed by Robert Summers (1973). It uses the stochastic approach to price indices
. The model underlying the traditional CPD is that 

(10)
pij  =   ( (j (i (ij


i  =   1,  2,  … n :    j   =   1,  2,  … c

(11)
(1   =   (1  =   1

where (  is a constant, (j is a parameter for country j, (i is a parameter for product  i  and (ij  is a random error term. As the model is concerned with price ratios, there are only n+c-1 parameters to estimate. Equation (11) is needed to determine the absolute levels of the prices. When both i =1 and j = 1, the expected value of pij   =  (. In effect, product 1 in country 1 becomes the ‘reference’ product, all prices being measured relatively to its price. Country 1 therefore acts as the reference country for the PPPs. 

Taking natural logarithms of both sides of (10) and (11) we have:
(12)
ln pij   =  ln ( +    ln(j  +  ln (i  +  (ij
(13)
ln (1   =  ln (1  =   0
Equation (13) can be rewritten as follows using two sets of dummy variables Xij and Yij that take the values of either unity or zero:

(14)
ln pij  =  ln ( +  ln (2 xii2 + ln (3 xi3 +  …ln (c xic   +   ln (2 y2j  +  ln (3 y3j   

+   ln (c y2c  +  (ij
80. The parameters of equation (14) can then be estimated by least squares or multiple regression
. The number of parameters to be estimated, including the constant (,  is equal to n + c – 1.  The number of simultaneous equations to be solved therefore also equals n + c – 1. It can be very large depending on the number of countries and number of products on the common ICP list for that basic heading. 

81. The least squares estimate of ln  (  can be interpreted as the log of the expected price of the reference product:  i.e., of ln p11.  Denoting the least squares estimates of the parameters ln(j  and  ln (i  by ln aj  and  ln bi ,  ln aj  measures the expected logarithm of the price ratio pij /  pi1, both prices being measured in their own currencies, this ratio being assumed to be a constant, (j , for all products. Similarly, ln bi  measures the expected logarithm of the ratio pij /  p1j this ratio being assumed to be constant for all countries.   aj  is the estimated PPP of country  j with reference to country  1. The reference country can be changed from country 1 to any other country, such as country j simply by dividing all the estimated PPPs by aj.  The estimated PPPs are transitive. One advantage gained by using the CPD method is that sampling errors can be estimated for all the coefficients, including the PPPs.   

82. Consider now a situation in which there are only two countries, j and k both of which report a complete set of prices for the same list of products.  In this case, the CPD estimate of the PPP between them is equal to the simple unweighted Jevons index: that is,  the geometric mean of the price ratios,  the pik /  pij  .   
83. Next consider a situation in which there are several countries all of which report a complete set of prices for the same list of products.  The price tableau is complete with no missing prices. In this special case, the CPD PPP between any pair of countries is again given by the Jevons index and each PPP is independent of the other PPPs. Moreover, the Jevons indices are also transitive because the weights are the same in each index, each price ratio having equal weight. 
84. As the Jevons indices are already transitive they also coincide with the EKS 1 estimates. From a CPD perspective, the PPPs estimated by the solving the full set of normal equations are also identical with the Jevons indices
. This basic result dates back to the early literature on the design and analysis of experiments. When the price tableau is complete, the EKS 1 and the CPD estimates both coincide with the Jevons indices and hence with each other.

85. The coincidence between the EKS 1 and the CPD results for a complete price tableau is responsible for the fallacy that all the various methods give the same results whenever the price tableau is complete. If this were the case, all the methodological problems would be created by missing price observations. However, the EKS * and EKS – S methods have been developed precisely because they provide different, and better, results than EKS 1. It follows that if EKS 1 coincides with the CPD, the EKS * and EKS – S results do not. In general, the EKS * and EKS - S differ from EKS  1  results, whether the price tableau is complete or not. Moreover, the CPRD estimates to be considered later also do not generally coincide with the CPD results, adding yet another source of variation. The choice of method is important irrespectively of whether the price tableau is complete or not. This is amply illustrated by the numerical examples given later in the chapter. 

86. The parities and product coefficients estimated by the CPD method can, of course, be used to estimate each missing price in order to obtain a complete price tableau 
. If all the empty cells in the price tableau are filled in this way, Jevons indices can be calculated for each pair of countries using the complete tableau of actual and estimated prices. The Jevons indices must be transitive if they all have the same coverage, whatever estimated prices are plugged into empty cells of the price tableau. It is also clear that, in general, if an extra observation is added to a set of observations for which some regression equation has already been calculated and if the extra observation is one predicted by the regression equation itself, the regression equation is not changed. The residual for the extra observation is zero. Any number of extra predicted observations can be added without changing the coefficients of the original regression. It follows that the CPD coefficients remain unchanged by filling in all the empty cells with prices estimated by the CPD itself. The Jevons indices for the filled in tableau are not only transitive but coincide with the PPPs estimated by the CPD.
  

87. While this gives useful insights into the CPD method, it can also be misleading if it is interpreted as implying that the purpose of the CPD method is to estimate missing prices in order fill gaps in the price tableau in order to be able estimate the parities. This cannot be the purpose when the parities must have already been estimated in order to estimate the missing prices. The purpose of the CPD is to estimate country and product coefficients, not to predict missing prices.  

An alternative approach to the CPD
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An alternative approach to the estimation of basic heading parities that leads to the same estimates as the CPD has been proposed by Sergey Sergeev (1982). This method has a close affinity with the Geary-Khamis method used to aggregate basic parities which is discussed in the following chapter. First, an ‘international price’ (i is defined for product i as follows: 
89. PPPj is the purchasing parity for country j as defined in (16) below. qij is an implicit quantity weight for product i in country j where qij  = 1 if product i was actually priced in country j and qij =  0 if it was not priced. The ni is the number of countries that actually provided prices for product i (i.e., the sum of the qij ‘s for product i). The qij ‘s are the equivalents of the dummy variables in (14). The PPPs are defined as follows:
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cj is the number of products actually priced in country j (i.e., the sum of the qij ‘s 
for country  j).  

90. (15) and (16) generate a system of n + c -1 equations that make it possible to estimate both the international prices and the PPPs simultaneously. The estimated PPPs are identical with those obtained by using the simple unweighted CPD method.   

91. (16) is a weighted Jevons index of the ratios of the prices in country j to the international prices. The weights are the implicit weights described earlier in which prices that are actually available in country j receive a weight of 1 and prices that are not available receive a weight of 0. If the price tableau is complete both (15) and (16) simplify, (16) becoming a simple unweighted Jevons index of the ratios of the national to the international prices.

92. (16) already incorporates a system of implicit weights derived from the dummy variables. Suppose, however, that information were available not simply about the availability or non-availability of products but about the relative expenditures on the various products within the basic heading. (15) and (16) could then be generalized to incorporate such weights. The resulting equations are then those defined in the Rao (1990) system of PPPs. As these are similar to the Geary-Kamis system of equations used at higher levels of aggregation where expenditure data are available, they are considered in the following chapter.  

Weighted CPD regressions 

93. In the simple CPD model considered up to now, each average price has been accorded equal weight. However, it is generally be preferable to attach weights to the average prices whenever economically relevant weights are available. As suggested by Prasada Rao (2004, pp. 17 - 20) weights can reflect: 

· The reliability of the different average prices: for example, average prices based on larger number of individual price observations have smaller sampling errors.  

· The importance of the products as measured by the expenditures shares associated with them. Representative products tend to be more important in this sense.  

94. Weights are easily incorporated into regression equations in general, and therefore also into the CPD regressions, as shown by Prasada Rao (2004, pp. 17 and 18).  

95. The pattern of the weights is important.   Let the weight attached to the average price of product  i  and country  j  be denoted by  vij (  0.  Now, suppose the pattern of product weights is the same for every country and the pattern of country weights is the same for each product: ths is, assume:
(17)    vij  / (i vij   =  (j vij  / (i (j vij   for every country  j and

(18)    vij  / (j vij   =  (i vik  / (i (j vik   for every products  i.
96. It may be assumed that the weights are all non-zero, because if any weight were to be zero, that product would be missing in every country and drop out of the price tableau completely.  

97. Let ajk denote the least-squares estimate of the parity between countries j and k obtained from the weighted CPD regression. Then, if the weights satisfy  (18) it can be shown that 
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98. Each ajk is equal to the weighted Jevons for k on j. The parities are transitive because the product weights are the same for every country. When (17) is satisfied, the estimates are orthogonal and each parity can be estimated as a weighted Jevons index independently of the other parities. The PPPs are independent of the estimated product parameters because whatever the effects of products on prices, their effect on the price level is the same, on average, in each country given that the pattern of their weights is the same. The product effects cancel each other out for each pair of countries. If the weights in (17) were expenditure shares, (19) could also be viewed as a generalized Törnqvist index, as the expenditure shares would be the same for both j and k, being also equal to the average expenditure shares across all c countries.  

99. Conversely, of course, when the CPD method is used and the pattern of weights does not satisfy (17) and (18), the PPPs have to be estimated by using dummy variables and solving the normal equations. The estimates do not coincide with the binary parities estimated for each pair of country taken separately. The binary parities are also no longer transitive.

100. One special case in which (17) and (18) are satisfied is the one already considered in which each vij is equal to unity: in other words, a complete price tableau with no missing prices, all of which are given equal weight. The simple CPD estimates then coincide with the simple Jevons indices. As soon as some individual prices are missing, the products concerned carry zero weight and (17) and (18) are violated. The estimates are no longer orthogonal. The simple CPD with missing prices can therefore be viewed as special kind of weighted regression in which products for which prices are missing carry zero weight in the countries concerned.
101. Provided that the data cover the entire universe of products and transactions within the basic heading in all the countries covered, Erwin Diewert (2004) has argued that, an expenditure weighted CPD provides “a reasonable target index” to aim at. As explained in the introduction of this chapter, if all products were to be included and if there were complete information about price, quantities and expenditures, drawing a distinction between representative and unrepresentative products would not provide any additional useful information about the products and the distinction could be dispensed with. However, when the data consist of a small purposive sample of products without any information about quantities and expenditures, distinguishing between representative and unrepresentative products does provide valuable additional information that must be utilized. Weighting the prices within the sample will not eliminate the potential biases that arise when the balance between representative and unrepresentative products varies between countries in the sample, as illustrated in the following section.   
The Extended CPD Method, or CPRD Method

102. In the ICP 2003-2006 round, information about the representativity of the products on the common ICP list is being collected in all the regions of the ICP, and also in the ring program designed to link the regions. As already noted, this information has been collected in the European Comparisons Programme organized by Eurostat and the OECD for more than two decades, but the ICP 2003-2006 round is the first ICP program in which it will be generally available in other regions and at a world level.
103. Representativity needs to be included as an additional variable into the CPD alongside the country and product variables on the grounds that representativity exerts an influence on the price of a product in the same way as the type of product or the country in which it is sold. In contrast to the product characteristics that are included in hedonic regressions, however, representativity is not a characteristic that is possessed by all products of a given type. The same product may be representative in one country but not in another. Thus, the price of the same product may be relatively low in one country but relatively high in another country depending on whether or not it is representative. These relationships are not consistent with the tacit assumption underlying traditional CPD methods that the pattern of relative prices is the same in all countries.  

104. The CPD model may easily be extended to include representativity. This extension was first proposed by James and Margeret Cuthbert (1988, p. 55) who argued as follows: “The standard CPD technique makes no allowance for characteristic / non-characteristic bias. It is not difficult however to see how the basic CPD model could be extended to allow for the possibility of a differential price between characteristic and non-characteristic products, if information on the characteristic / non-characteristic classification of items is available.” ‘Characteristicity’ is used to mean the same thing as ‘representativity’ here.
105. Let (k denote the degree of representativity. Only two degrees are distinguished here: namely, representative denoted by (1 and unrepresentative denoted by (2. However, in principle, more than two different degrees of representativity could be incorporated: for example, very representative, moderately representative and unrepresentative. The model might be considerably improved if more than two different degrees of representativity could be distinguished in practice.

The basic model is now written as:

(20)
pij  =   (  (i (j  (k  (ijk

i  =   1,  2,  … n :    j   =   1,  2,  … m
(21)
(1   =   (1  =   (1  =  1

k  =  1,  2.   

Taking natural logarithms of both sides of (20) and (21) we have:
(22)
ln pij   =  ln ( +    ln(j  +  ln (i  +  ln (k   +  (ij
(23)
ln (1   =  ln (1  =  ln (1    =   0
The regression equation now requires three sets of dummy variables Xijk,  Yijk  and Zijk . It becomes:
(24)
ln pij  =  ln ( +  ln (2 xii2 + ln (3 xi3 +  …ln (c xic   +   ln (2 y2j  +  ln (3 y3j   +   ln (c y2c  +  ln (2 zij2   +   (ij
106. The expected price depends on the interaction of three factors: the country, the product and its representativity. Given that the coefficient of a representative product is fixed at unity, the coefficient of an unrepresentative product may be expected to be greater than unity. The price of product is expected to be higher relatively to the reference product 1 in a country in which it is unrepresentative than in a country in which it is representative. The improvement over the traditional CPD method comes from the partial relaxation of the unrealistic assumption that the pattern of relative prices is the same in all countries. 

107. Consider two products. The traditional CPD model assumes that the ratio of their prices is the same in every country. The extended CPD model allows the ratio of their prices to vary between two countries depending on whether the products are representative (or unrepresentative) in both countries, or whether one is representative in one country and the other is representative in the other country. In effect, the inclusion of the dummy for representativity introduces some flexibility into the CPD model by permitting a limited amount of variation in the pattern of expected relative prices between countries.  

108. The addition of the new variable, representativity, does not simply add another parameter to be estimated. It adds another dimension to the analysis. As there are three types of explanatory variables in the regression -- country, product and representativity -- the extended regression will described as the CPRD method to distinguish it from the traditional CPD method. 

109. The assumption that representativity exerts a fixed proportionate effect on the price may be viewed as restrictive. However, it is preferable to the alternative of assuming that it has no effect on the price. All the effort made to identify representative products in the pre-survey and to exploit this information in building up the product lists was made on the assumption that representativity influences price.  

110. In Chapter Six of the OECD Working Paper by James and Margaret Cuthbert, they use actual data from the OECD PPP program to test for the significance of representativity. They conclude, p. 79:

“(a)  There is evidence of a significant positive differential effect on the prices of non-characteristic items.

(b) The magnitude is such that, for some basic headings, it could potentially have a very serious effect in distorting inter-country PPP comparisons.”

111. The extent of the potential bias in the CPD depends on the extent to which the balance between representative and non-representative varies between countries. It will not be the same for all basic headings. The Cuthberts note p. 79: “These examples illustrate that the effect of differential prices can indeed be of potentially major importance for particular basic headings. For most of the basic headings considered, however, the apparent effect is much smaller.” If representativity has no effect on prices, the estimated coefficient for representativity should be zero, in which case the parities estimated by the CPRD coincide with those for the CPD. Nothing is lost by including representativity in the model. 
112. There are two ways in which the treatment of representativity might be improved. The first is to distinguish more than two degrees of representativity, as already mentioned. Each degree of representativity would have its own dummy variable. For example, products might be divided into three groups, very representative, representative and unrepresentative. At the present time, however, it does not appear feasible to have different degrees of representativity until more experience is gained about how countries actually interpret and implement the distinction between representative from unrepresentative products. 
113. A second improvement might be to introduce product/representativity interaction terms into the model. These allow the effect of representativity to vary from product to product. In principle, the introduction of interaction terms is relatively straightforward and has the potential to introduce more flexibility into the model, but it would seem to be premature without further research.
Some Numerical Examples of the Results Obtained by Alternative Methods

Introduction

114. The following sections contain a series of numerical examples using artificial data sets. They are intended to illustrate how the various methods work in different situations. Examples of this kind cannot establish the superiority of one method over another. However, they can provide useful insights into the ways the methods perform under certain conditions.
115. There seems to be a lot of empirical evidence to suggest that that the different methods give very similar results in most situations. The choice of method may not be so important in many cases, but there can be circumstances in which they can give significantly different results. Examples of the kind given below are intended to show what these circumstances are and why the different methods yield different results.

116. Data sets can be constructed which are designed to simulate the circumstances in which the different methods yield different results. They can throw light on the factors responsible, and by so doing make it possible for better informed decisions to be made about which method to use. 

The data sets

117. Five illustrative sets of data are used. There are 4 countries and 10 products although not all countries and products are used in each example. There are two degrees of representativity: representative and unrepresentative. For each data set, six different types of parities are calculated: namely,
EKS   *

EKS - S

CPD      unweighted

CPD      weighted 

CPRD   unweighted

CPRD   weighted

118. The weights used in the CPD and CPRD regressions were 2 for a representative product and 1 for an unrepresentative product. As explained earlier, the regressions were carried out on the natural logs of the prices. The coefficients shown in the following tables are the anti-logs of the estimated log regression coefficients.   

119. The reference product is product 1 in country A for the CPD, and a representative product 1 in country A for the CPRD. The estimated country coefficients are therefore the estimated PPPs using country A as the reference country. The estimated coefficient for representativity is that of an unrepresentative product, that for a representative product being 1. It shows the estimated ratio of the price of a product when it is unrepresentative to its price when it is representative. The standard errors are shown in brackets beneath the estimated coefficients. A standard error of 1.2 means that the error is 20 %. The estimated coefficients for the products are not shown.

Case 1:  A balanced binary comparison

120. The first example is a simple binary comparison.   The data are given in Table 1. There are 10 products, 2 countries and 2 degrees of representativity. The data consist of the average prices of each of the products expressed in their own national currencies. The products are ranked in descending order of the price ratios piB  / piA. Products 1 to 5 are assumed to have been classified as being representative of country A and products 6 to 10 as representative of B. 

Table 1. Average prices in national currencies
	Product
	Country   A
	Country  B

	
	Rep
	Unrep
	Rep
	Unrep

	1
	2
	
	
	100

	2
	5
	
	
	250

	3
	6
	
	
	270

	4
	8
	
	
	320

	5
	8
	
	
	280

	6
	
	7
	210
	

	7
	
	16
	400
	

	8
	
	6
	120
	

	9
	
	2
	30
	

	10
	
	10
	100
	


In this binary, the important special features are that:
· There are no missing prices and 
· The numbers of representative and unrepresentative products are equal in the two countries.  
The three factors -- country, product and representativity -- are orthogonal. The results using each of the six methods are given in Table 1 a.

Table 1a

	Estimated  PPPs  :   data from  Table 1

	Method
	Country  coefficients  (PPPs)
	Representativity coefficients

	
	A
	B
	Rep
	Unrep

	EKS   *
	1
	28.51
	
	

	EKS - S
	1
	28.51
	
	

	
	
	
	
	

	CPD   unw
	1
	28.51
	
	

	s.e
	
	(1.19)
	
	

	CPD  wei
	1
	28.51
	
	

	s.e
	
	(1.19)
	
	

	
	
	
	
	

	 CPRD   unw
	1
	28.51
	1
	1.53

	s.e.
	
	(1.11)
	
	(1.11)

	CPRD   wei
	
	28.51
	1
	1.53

	s.e
	
	(1.11)
	
	(1.11)


121. Because the data are orthogonal the regression coefficients for country, product and representativity can be estimated independently of each other. The estimated PPP for country B is the same using all six methods. It reduces to the Jevons index, namely the simple geometric mean of the individual product PPPs – the ratios of B’s prices to A’s prices. Alternatively, it can be expressed as the ratio of the geometric means of B’s prices and A’s prices. The representativity coefficient can also be expressed simply as the ratio of two geometric mean prices, namely the ratio of the geometric mean of the 10 unrepresentative prices (5 in country A and 5 in country B) to the geometric mean of the 10 representative prices (again 5 in country  A and  5 in country B).   
122. One advantage of the CPD and CPRD methods over the EKS methods is that they provide estimates of the standard errors of the PPPs.  The standard errors of the CPD and CPRD coefficients are not the same, however, the standard error of B’s PPP being significantly lower for the CPRD than the CPD regression.   The reason is that the fit of the model is considerably improved by including representativity as an additional explanatory variable.  On the other hand, giving more weight to representative products has no effect on the results.
Case 2: An unbalanced binary comparison

123. The next case is one in which the data are the same as in Table 1 except that products 6, 7, 9 and 10 are deleted. This radically changes the balance between the numbers of representative and unrepresentative products, as country A has 5 representative products but country B has only 1. The resulting data are shown in Table 2. It should be noted that the data are still complete in the sense that there are no missing prices.  

Table 2  

	Product
	   Country    A
	  Country   B

	
	    R
	    U
	    R
	    U

	1
	    2
	
	
	   100

	2
	    5
	
	
	   250

	3
	    6
	
	
	   270

	4
	    8
	
	
	   320

	5
	    8
	
	
	   280

	8
	
	    6
	   120
	


The estimated PPPs using the six methods are shown in Table 2a.
Table 2a

	Estimated   PPPs  :   data from  Table 2

	Method
	Country  coefficients  (PPPs)
	Representativity coefficients

	
	A
	B
	Rep
	Unrep

	EKS   *
	1
	29.53
	
	

	EKS - S
	1
	29.53
	
	

	
	
	
	
	

	 CPD  unw
	1
	38.29
	---
	---

	s.e
	
	(1.15)
	
	

	CPD   wei
	1
	38.29
	
	

	
	
	(1.15)
	
	

	
	
	
	
	

	 CPRD unw
	1
	29.53
	1
	1.48

	s.e
	
	(1.09)
	
	(1.09)

	CPRD  wei
	1
	29.53
	1
	1.48

	s.e
	
	(1.09)
	
	(1.09)


124. The estimated PPP for country B is identical for 4 of the methods, namely EKS*, EKS-S and both the unweighted and weighted version of the CPRD. The common estimate is very close to estimated PPP for the complete set of data given in Table 1a. The inclusion of the representativity term in the CPRD enables the method to adjust for the serious imbalance between the numbers of representative products in the two countries. This kind of situation can easily arise if country B fails to ensure during the pre-survey that enough of its own representative products are included on the common ICP list.

125. Suppose that the data in Table 1 represent the universe of products within the basic heading while those in Table 2 represent a sample. The estimated PPP using the CPD method on the sample has a substantial upward bias in this case. Because there are no prices missing for the products on the sample list, the estimate is still equal to the simple Jevons index. However, the fact that 5 out of the 6 prices are unrepresentative in B while they are representative in A means that the product list is heavily biased towards the pattern of consumption in A. If this is the case, the CPD parity must have the same kind of upward bias as a Laspeyres index. On the other hand, the CPRD estimates coincide with EKS * and EKS – S methods which are meant to provide estimates of Törnqvist type parities. 

126. The sensitivity of the CPD estimates to the composition of the product list may be illustrated by changing the example. Instead of dropping products 6, 7, 9 and 10 from Table 1, suppose products 1, 2, 4 and 5 are dropped. This means that the list of products is now dominated by B’s representative products. The CPD PPP for B drops from 38.29 to 21.76. It now has a substantial downward bias. It has the same kind of bias as a Paasche index. However, the estimated PPP using the EKS * and EKS - S methods, and also the CPRD, turn out to be quite robust in response to changes in the product list. The estimated PPP barely changes, moving from 29.53 to 28.96, and remains close to the PPP of 28.51 for the universe of products. Again, giving more weight to the representative products has no effect and does not reduce the bias.   
127. The example considered here also illustrates that, even though the price tableau is complete and there are no missing prices for the products on the list, the CPD estimate need not be the same as the EKS * or EKS - S estimates. They differ significantly here. 

128. The EKS * and EKS - S methods assume that the expected ratio between the price of the same product in two countries depends partly on how representative it is in each of the two countries. If the assumption is correct and if information about representativity is available, it must also be incorporated as a variable in the CPD model. This transforms it into the CPRD model. Otherwise, the CPD model is mis-specified and can lead to biased estimates of PPPs if the balance between representative and unrepresentative products is not the same in both countries.  

129. Finally, it should be noted that although the conclusions drawn here relate to a binary comparison they are valid for multilateral comparisons. The advantage of a simple binary example is that it is easy to identify and observe the influence of the various factors at work.

Case 3: multilateral comparisons based on complete data

130. This case extends the example from binary to multilateral comparisons. The data are shown in Table 3. The data for countries A and B remain the same as in Table 1.

Table 3

	Product
	Country    A
	Country   B
	Country    C
	Country   D

	
	R
	U
	R
	U
	R
	U
	R
	U

	1
	2
	
	
	100
	10
	
	25
	

	2
	5
	
	
	250
	12
	
	
	60

	3
	6
	
	
	270
	15
	
	22
	

	4
	8
	
	
	320
	
	70
	
	250

	5
	8
	
	
	280
	
	100
	120
	

	6
	
	7
	210
	
	
	60
	
	120

	7
	
	16
	   400
	
	50
	
	140
	

	8
	
	6
	120
	
	12
	
	
	100

	9
	
	2
	30
	
	
	20
	10
	

	10
	
	10
	100
	
	
	50
	
	100


131. There are two special features about the data in Table 3. The first is that the data are complete. They can be viewed as representing the universe of products within the basic heading for the four countries. The second is that each country has 5 representative and 5 unrepresentative products. The product list is equi-representative and is not dominated by the representative products of any country. As explained earlier, if the data refer to the universe of products for each country, there would automatically be a balance between representative and unrepresentative products in each country.  
The results obtained from the use of the six methods are shown in Table 3a:
Table 3a

	Estimated  PPPs  :   data from Table  3

	Method
	Country coefficients   (PPPs)
	Representativity coefficients

	
	A
	B
	C
	D
	Rep
	Unrep

	EKS  *
	1
	27.27
	4.03
	9.60
	
	

	EKS - S
	1
	27.27
	4.03
	9.60
	
	

	
	
	
	
	
	
	

	CPD  unw
	1
	28.51
	4.95
	11.24
	
	

	s.e.
	
	(1.26)
	(1.26)
	(1.26)
	
	

	CPD  wei
	1
	27.08
	4.47
	10.65
	
	

	s.e.
	
	(1.25) 
	(1.25)
	(1.25)
	
	

	
	
	
	
	
	
	

	CPRDunw
	1
	28.51
	4.95
	11.24
	1
	1.99

	s.e.
	
	(1.16)
	(1.16)
	    (1.16)
	
	(1.12)

	CPRDwei
	1
	27.70
	4.38
	10.33
	1
	2.00

	s.e.
	
	(1.16)
	(1.16)
	(1.16)
	
	(1.13)


132. In this example, the PPPs from the unweighted CPD and CPRD regressions are identical because the numbers of representative and unrepresentative products are equal in each country. Whatever effect representativity has on price, it cancels out for each of the PPPs. However, the inclusion of representativity improves the fit of the regression and reduces the variance of the residuals considerably, thereby significantly reducing the standard errors of the PPPs. Weighting makes little difference to any of the results. 

133. Because the price tableau is complete, the CPD (and also the CPRD) results must also coincide with the EKS 1 results. Each CPD parity is equal to the geometric mean of the individual products PPPs between each pair of countries: that is, the simple Jevons index. As the various Jevons indices all have exactly the same coverage of products they must be transitive. In these circumstances the EKS formula is not needed, as noted earlier. 

134. The EKS * and EKS – S give different results from the other methods here because they do not make use of all the prices. The PPPs for products that are unrepresentative in both countries are given zero weight. Consider the EKS * for countries A and C, for example. The Jevons index for C’s representative products uses products 1, 2, 3, 7, and 8. The Jevons index for A’s representative products uses products 1, 2, 3, 4, and 5. The binary Törnqvist parity is the geometric mean of these two Jevons indices. It is a weighted Jevons index in which products 1, 2 and 3 carry double the weight of products 4, 5, 7, and 8 while products 9 and 10 have zero weight. Products 9 and 10 are not used at all because they are unrepresentative of both A and C. Thus, the original binary parities to which the EKS formula is applied are quite different between EKS 1 and EKS * and EKS - S. Table 3a again illustrates the fact that the EKS * and EKS - S results are different from the CPD results, despite the fact that price tableau is complete. 

Case 4: Multilateral comparisons based on incomplete data

135. This data are derived from Table 3. First, products 6, 7, 9 and 10 have been suppressed, as in Table 2. Second, a number of prices have deleted at random. The resulting price data are shown in Table 4:
Table 4

	Product
	Country    A
	Country   B
	Country    C
	Country   D

	
	R
	U
	R
	U
	R
	U
	R
	U

	1
	2
	
	
	100
	
	
	25
	

	2
	
	
	
	250
	12
	
	
	60

	3
	6
	
	
	270
	15
	
	22
	

	4
	8
	
	
	
	
	70
	
	

	5
	
	
	
	280
	
	100
	120
	

	8
	
	6
	120
	
	12
	
	
	100


136. As compared with the universe in Table 3, the data in Table 4 are fragmentary and closer to what might be expected in the real world. Only 19 of the original 40 observations in Table 3 survive in Table 4. Countries A and D have 3 representative products remaining; country C has 2, while country B has only 1. The results obtained using the different methods are given in Table 4a.

Table 4a

	Estimated   PPPs  :   data from Table  4

	Method.
	Country coefficients   (PPPs)
	Representativity coefficients

	
	A
	B
	C
	D
	Rep
	Unrep

	
	
	
	
	
	
	

	EKS   2
	1
	28.12
	2.96
	8.11
	
	

	EKS   3
	1
	26.61
	3.17
	7.99
	
	

	
	
	
	
	
	
	

	CPD  unw
	1
	37.56
	3.96
	10.56
	
	

	s.e.
	
	(1.51)
	(1.50)
	(1.51)
	
	

	CPD  wei
	1
	35.51
	3.57
	9.40
	
	

	s.e.
	1
	(1.50)
	(1.46)
	(1.46)
	
	

	
	
	
	
	
	
	

	CPRDunw
	1
	25.81
	3.82
	9.67
	1
	2.06

	s.e.
	
	(1.36)
	(1.33)
	(1.34)
	
	(1.24)

	CPRD wei
	1
	25.21
	3.47
	8.88
	1
	2.01

	s.e.
	
	(1.37)
	(1.32)
	(1.32)
	
	1.25

	
	
	
	
	
	
	


137. Despite the substantial reduction in numbers of products and numbers of average prices compared with Table 3, the results in Table 4a are not very different from those in Table 3a. However, the upward biases in the CPD PPP’s for country B in Table 4a still show through, especially against countries A and D. The biases result from the fact that 4 out 5 of the products for which B reports prices are unrepresentative. B’s CPD parity in Table 3a is 28.51 but rises to 37.56 in Table 4a, whereas the CPRD parity moves from 28.51 to 25.81. Similarly, B’s parity based on D rises from 2.54 in Table 3a to 3.55 in Table 4a.  

Case 5: Multilateral comparisons with incomplete data (2)

138. The final example considered here is one in which the only prices reported by one of the countries refer to its representative products. This situation may be simulated by deleting the two prices in the last column of Table 4. The resulting data are shown in Table 5. The data are identical with those in Table 4 except for the deletion of the two prices for D’s unrepresentative products.  

Table 5 

	Product
	Country    A
	Country   B
	Country    C
	Country   D

	
	R
	U
	R
	U
	R
	U
	R
	U

	1
	2
	
	
	100
	
	
	25
	

	2
	
	
	
	250
	12
	
	
	

	3
	6
	
	
	270
	15
	
	22
	

	4
	8
	
	
	
	
	70
	
	

	5
	
	
	
	280
	
	100
	120
	

	8
	
	6
	120
	
	12
	
	
	


139. It is not possible to estimate the binary Törnqvist between B and D because D does not report a price for product 8, the only product that is representative in B. Moreover, the Törnqvist between C and D would have to be based on a single price ratio, that for product 3. In practice, the EKS * and EKS - S methods do not work well with this data set and no results are given for them. The results using the CPD and CPRD methods are shown in Table 5a.
Table 5a

	Estimated  PPPs  :   data from Table  3

	Method
	Country coefficients   (PPPs)
	Representativity coefficients

	
	A
	B
	C
	D
	Rep
	Unrep

	
	
	
	
	
	
	

	CPD  unw
	1
	37.13
	4.03
	7.08
	
	

	s.e.
	
	(1.48)
	(1.47)
	(1.57)
	
	

	CPD  wei
	1
	37.81
	3.87
	7.15
	
	

	s.e.
	
	(1.48) 
	(1.43)
	(1.46)
	
	

	
	
	
	
	
	
	

	CPRDunw
	1
	25.98
	3.78
	8.82
	1
	1.93

	s.e.
	
	(1.42)
	(1.36)
	    (1.45)
	
	(1.33)

	CPRDwei
	1
	26.81
	3.53
	8.23
	1
	1.83

	s.e.
	
	(1.44)
	(1.36)
	(1.39)
	
	(1.36)


140. As in Table 4a, the upward bias in the CPD estimate for B’s PPP, namely 37.13, is apparent in Table 5a, given that B’s PPP using either the CPD or CPRD methods is 28.51 in Table 3 and Table 1. However, even more striking is the upward bias in B’s PPP based on D in Table 5a. The PPP for B based on D using the complete data in Table 3 is 2.54 for both the CPD and the CPRD methods. The CPD PPP for B on D in Table 5a is more than double, 5.24. On the other hand, the CPRD PPP for B on D in Table 5a is 2.95.  

141. Given that all three of D’s products are representative while 4 out of 5 of B’s products are unrepresentative, any method that ignores this fact, including the CPD, is liable seriously to over-estimate the PPP for B on D. The CPRD allows for the fact that the prices reported for B are likely to be relatively high in relation to the general price level in B whereas the prices reported for D are likely to be relatively low compared to D’s general price level. It is able to compensate for this because an estimate of the price differential between unrepresentative and representative products within the basic heading is available for the data set as a whole. The CPD estimate of the PPP for B on D is subject to a significant upward bias whereas the CPRD estimate is not. The CPRD is able to produce an acceptable estimate for the PPP for B on D, even though the binary Törnqvist between B and D that is needed for the EKS * method cannot even be calculated.

Some Conclusions

142. At the meeting of the ICP Technical Advisory Group in September 2004, a paper was presented by Yuri Dikhanov on “Assessing the Efficiency of Elementary Indices with Monte Carlo Simulations.” Using simulated data, the results obtained from various methods described in this chapter were evaluated. The conclusion reached was that “the CPRD was found to be superior to the other CPD and EKS style indices.” It was also concluded that: “In general, CPRD index is found to be the most robust, especially with sparse price and representativity matrices.”

143. At this meeting, the TAG recommended that regions should use the CPRD method to estimate basic heading parities. It is also proposed to use the CPRD method to estimate the between-region parities that are needed to link together the results obtained for the different regions to obtain a complete set of transitive basic heading parities at a global level. The way in which the within-region basic heading PPPs may be linked is explained in Chapter 14 
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�   Chapter 20 of the international Consumer Price Index Manual (2004) is devoted to Elementary Indices. This chapter was written by Erwin Diewert. The properties and behaviour of elementary indices are explained in some detail in the context of CPIs. Much of the chapter is equally relevant to basic heading PPPs and could usefully be read in conjunction with this chapter.  For a summary account of elementary indices, see paras. 1.120 – 1.146 of Chapter 1 of the CPI Manual written by Peter  Hill,.      


�  The EKS formula is named after three individuals, Elteto,  Koves and Sculz, who independently advocated its use.  It was named “EKS” in the   paper by Lazlo Drechsler (1973).  It was used in the 1960’s for comparisons between the centrally planned economies of Eastern Europe.  However, the formula was actually proposed 40 years earlier by Gini (1931).  





�   See Chapter 5 of A System of International Comparisons of Gross Product and Purchasing Power, by Irving Kravis, Zoltan Kenessy. Alan Heston and Robert Summers (1975).  The CPD method was developed in a paper by Robert Summers (1973).


�  Aggregate Fisher and Törnqvist indices are explained in Chapter 11.


�   See Prasada Rao and Marcel Timmer (2003): also Prasada Rao (2001).


�   See paras. 1.128 and 20.41 of the  Consumer Price Index Manual (2004).





�   See  Eurostat  (1983).   This publication contains a major section on methodology including a detailed description of both EKS  1  and  EKS *  which replaced it:  see  Section 4.1,  pp. 43 to 48.  It also explains why Eurostat decided to change from EKS 1 to  EKS  2.  A description and evaluation of EKS * was also given by Peter Hill (1982).  





�  A superlative index may be expected to approximate to a cost of living index.  The concept is due to Erwin Diewert (1976).  The concept has had a considerable influence on CPI methodology.   The concept is presented in paras. 1.97 to 1.101 of the CPI Manual (2004), and explained in detail in Chapter 17 on “The Economic Approach to Index Theory” by Erwin Diewert.  


�   The various index number formulae referred to in this paragraph, and other standard formulae such as Laspeyres and Paasche, are presented and explained some detail in Chapter 1 of the CPI Manual (2004).  They are also discussed extensively throughout the CPI Manual, especially in Chapters 15 to 20 on index theory. 


�   The fact that the index is actually a Törnqvist is noted on p. 7 of the paper by Sergey Sergeev (2003).





�  In  Eurostat (1983) it is stated p. 45 that  “While there was a need to avoid bias due to lack of comparability of products, the intention was also to see to what extent bias due to lack of equi-characteristicity could be avoided.”   The concept of equi-characteristicity, or equi-representativity, is not clearly defined, but when representative products account for much higher proportions of the average prices reported by some countries than others, the sets of prices used to calculate the basic parities are not equi-representative.  


�  See Prasada Rao (2001). 


�  See Chapter 16 by Erwin Diewert of the CPI Manual (2004) on The Axiomatic and Stochastic Approaches to Index Number Theory. For a discussion of the stochastic approach below the basic heading level in a time series context, see the section on A Simple Stochastic Approach to Elementary Indices, paras.  20.100 to 20.111 of Chapter 20, also by Erwin Diewert, in the CPI Manual.  See also Prasada Rao (2004) and Erwin Diewert (2004)   


�  Most presentations of the CPD model have no constant term, in which case normalization can be achieved simply by letting (1  =  1  without requiring  (1  =  1. However, when a third type of variable, representativity, is introduced into the model, an additional constraint has to be imposed anyway, in which case the approach adopted here is more convenient and symmetrical.  For a simple exposition of regression with dummy variables, see David Huang (1970).   He remarks, p. 166 that: “The rule of thumb is that , whenever there are two or more dummy systems, drop one variable from each system (preserving the constant, say) for  OLS estimation.” When representativity is introduced into the CPD, there are three or more dummy systems, depending on whether interaction terms are included.   





�   The use of regressions with dummy variables originated in the analysis of experimental data where the variables are often non-numerical or qualitative attributes such as location or plant variety. See, for example, Oskar Kempthorne (1952) chapters 5 and 7. For an early large scale application of dummy variables to economic data, see Peter Hill (1959).


�   See Prasada Rao (2004) op cit. p. 6 , for a formal proof. 


�  This use was emphasised by Robert Summers in his original 1973  paper advocating the CPD.


�   A formal proof is given on pp. 16 and 17 of the paper by Prasada Rao (2004).  


�   All the CPD and CPRD regressions for the numerical examples presented in this chapter were very kindly calculated by Daniel Melser of the University of New South Wales, Sydney.   
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