
Chapter 12 
Aggregation Methods

Introduction

1. The chapter describes the methods that may be used to calculate PPPs and quantity indices for higher level expenditure aggregates for a specified group of countries such as an ICP region. A higher level aggregate is an expenditure class, group or category obtained by combining two or more basic headings. The nominal value of an expenditure aggregate, expressed in its own national currency, is obtained simply by summing the values of the expenditures for the set of basic headings of which it is composed. Quantity indices may be converted into real expenditures by multiplying them by the corresponding expenditures in the base country.  
2. Expenditure classes, groups and categories and the various expenditure classifications on which they are based are explained in Chapter 3. Table 4 of Chapter 3 provides a listing of the 26 expenditure categories used in the ICP. Table 6 of Chapter 3 provides some examples of the hierarchy of expenditures aggregates from the detailed classes up to main aggregates of the System of National Accounts.   
3. In order to calculate PPPs and real expenditures for aggregates above the level of the basic heading, two sets of data are needed for the basic heading themselves.  
· The first consists of a complete set of basic heading expenditures in national currencies.   

· The second consists of the corresponding basic heading PPPs, with country 1 acting as the reference country and its currency as the numeraire.
4. The basic heading PPPs are assumed to have been calculated using the CPRD or one of the EKS methods described in Chapters 11. They are transitive.   
5. The first section of the chapter gives an overview of the various formulae that may be used to calculate aggregate binary PPPs or quantity indices between pairs of countries. There is some demand for aggregate binary indices because one country may wish to compare itself with another country independently of other countries. However, there are advantages in considering binary indices first anyway because there exists a considerable amount of economic and statistical theory underpinning binary indices and this theory can help explain the properties and behavior of multilateral indices. This theory has been developed mainly with reference to inter-temporal indices, such as CPIs, but most of it is directly applicable to inter-spatial indices.  
6. In the binary approach to multilateral comparisons, the procedure is to calculate a set of independent binary PPPs first and then to derive a set of transitive multilateral PPPs from the binary indices. There are various ways of doing this. One is to apply the EKS formula presented in the previous chapter to aggregate binary PPPs. However, there are other ways, such as chaining binary indices across spanning trees, including star methods. The binary approach is considered in the second section of the chapter.   
7. The third section presents the multilateral approach to aggregate PPPs. In the multilateral approach, the characteristics of the group of countries as a whole enter into the calculation of the PPPs. For example, one group of multilateral methods use the average prices in the group of countries as a whole to construct a set of multilateral transitive quantity indices. Aggregate PPPs are associated with these quantity indices. Other methods use the average quantities in the group of countries as a whole. These kinds of multilateral methods proceed directly to the calculation of a set of transitive multilateral PPPs and quantity indices and make no use of the binary PPPs or quantity indices between individual pairs of countries. This group of methods include the Geary-Khamis, or GK, method that has been used in previous rounds of the ICP.
8. The chapter is not meant to provide a comprehensive review and evaluation of of all the wide range of possible methods that have been proposed in the literature on PPPs. It focuses mainly on the two methods that have been the most used in practice, either in the European Comparisons Programmes or in previous rounds of the ICP. The first is the application of the EKS formula to aggregate superlative binary indices, such as Fisher or Törnqvist. The other is the GK method.
9. This chapter is concerned with the aggregation methods that may be used within a single group of countries such as an ICP region. The methods that may be used to link aggregate within-region PPPs to obtain a global set of aggregate PPPs at a world level are explained in Chapter 14.  

Aggregate Binary Indices
10. There is a strong formal similarity between price comparisons between pairs of countries and price comparisons between two periods of time for the same country. Both kinds of comparison can draw upon the same underlying index number theory, which is explained in some detail in the international Consumer Price Index Manual (2004). In particular, chapters 1 and 15 of the Manual contain comprehensive, rigorous and up-to-date explanations of the behavior and properties of the indices considered in this section.
Four basic binary indices
11. Consider an independent binary comparison between two countries, 1 and 2, 1 being designated as the reference country. It is assumed initially that data are available for individual products. Let pij denote the national average price of product i in country j: i  =  1, 2, …n  and  j =  1, 2. The  purchasing power parity for an individual product  i, PPPi1,2 , is an international price relative of the following form:
(1)
PPPi1,2  =   pi2 / pi1 .
This ratio obviously depends on the units of currency in the two countries as well as the national prices.

12. A widely used type of price index is a ‘Lowe’ index which measures the ratio of the total cost, in national currencies, of purchasing a given set of quantities, generally described as a “basket”, in two different periods or countries
. Laspeyres and Paasche price indices are examples of Lowe indices.

Let
qij denote the total quantity of product  i  in country  j,   

eij  denote  pijqij,  the  expenditure on  product  i  in country  j,  

wij denote the expenditure share on  product  i  in country  j, namely  eij/Σi eij.
13. The aggregate Laspeyres price index, or PPP, is defined as follows:
(2)
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14. Thus, the Laspeyres index can also be interpreted as a weighted arithmetic average of the price relatives, or individual product PPPs, using the expenditures shares of the base country as weights.
15. The aggregate Laspeyres quantity index for country 2 based on country 1 is:

(3)
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16. It can be viewed as the ratio of the real expenditures in the two countries when the quantities in both countries are valued at country 1’s prices. It can also be expressed as a weighted average of the quantity relatives using the expenditure shares in country 1 as weights.  

17. The aggregate Paasche parity,  PPPP1,2 , for country  2  based on country 1 is the basket index that uses the quantities of country 2:

(4)
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Thus, the Paasche PPP can also be viewed as a weighted harmonic average of the individual PPPs using the expenditure shares of country 2 as weights. 
18. The Paasche quantity index for country  2 based on country 1 is:

(5)
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19. In practice, the prices and quantities of individual products in the two countries are not available. The data actually available consist of expenditures by basic heading together with basic heading PPPs calculated as described in the previous two chapters. However, basic heading expenditures and PPPs can be treated as if they referred to individual products
. Aggregate Laspeyres and Paasche PPPs are therefore calculated as weighted arithmetic or harmonic averages of the basic heading PPPs using expenditure shares as weights. 
20. A few important properties of Laspeyres and Paasche indices need to be noted.  
First, it can be seen from equations (2) to (5) that 

(6)
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Thus, a Laspeyres (Paasche) quantity index can be derived by dividing the ratio of the expenditures in national currencies by a Paasche (Laspeyres) PPP.
21. Second, when prices change, consumers tend to react by substituting goods and services that have become relatively cheaper for those that have become relatively dearer. This substitution effect leads to a situation in which price and quantity relatives within the same country are negatively correlated over time
. In practice, the same negative correlation is almost invariably observed between individual PPPs and the relative quantities of goods and services purchased in different countries. Whenever price and quantity relatives are negatively correlated in this way, it may be shown that the Laspeyres price index, or PPP, must be greater than the Paasche
.  
22. Third, the gap between the Laspeyres and the Paasche PPPs, or index number spread, tends to increase the greater the differences between the patterns of relative prices in the two countries compared. The gap can be very large in international comparisons because patterns of relative prices can vary substantially between countries at different levels of economic development in different parts of the world. Ratios of Laspeyres to Paasche PPPs in excess of 2 have been observed from Phase 1 of the ICP onwards.

23. Fourth, when a single price vector is used to value quantities of goods and services in different countries, the resulting real, or constant price, expenditures are additive. Additivity means that the real expenditures for higher-level aggregates can be obtained simply by adding the real expenditures of the sub-aggregates of which they are composed. As the Laspeyres quantity index uses the prices in the base country to value quantities in both countries, the resulting real expenditures are additive in both countries. However, most quantity indices, including chain quantity indices, do not generate real expenditures that are additive.
Symmetric and superlative indices 
24. If equal importance is attached to the two countries, there is no reason to prefer the Laspeyres PPP to the Paasche PPP, or vice versa. If the two countries are to be treated symmetrically, one solution is to take a simple average of the two PPPs. A simple geometric average turns out to have significant advantages over a simple arithmetic average. The geometric average is the Fisher index, PPPF1,2, defined as follows. 
(7)
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25. The Fisher quantity index, QF1,2, is similarly defined. 

(8)
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26. The Fisher index has a number of desirable properties. In particular, it satisfies the country reversal test: that is, if the data for the two countries are interchanged, the resulting index equals the reciprocal of the original index. It also satisfies the factor reversal test: that is, if the roles of prices and quantities are reversed, the resulting index is a quantity index of the same form as the original index. It may easily be verified that:
(9)
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27. Neither the Laspeyres nor the Paasche indices satisfy (9). For example, if the Laspeyres price and quantity indices are multiplied together, their product will tend to exceed the ratio of the expenditures in country 2 to the expenditures in country 1.  
28. When the test, or axiomatic, approach to index numbers is used, the Fisher tends to dominate other indices in the sense of possessing a greater number of desirable properties than other indices. However, another index that also possesses a number of desirable properties is the Törnqvist index.  
The Törnqvist, PPPT1,2 , is defined as follows
.

(10)
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It is a weighted geometric average of the individual product PPPs using arithmetic averages of the expenditure shares in the two countries as weights. Like the Fisher, it treats both countries symmetrically. When the test, or axiomatic, approach is adopted, there is little to choose between the Fisher and the Törnqvist indices, the outcome depending on which set of tests are invoked and on how much importance is attached to the individual tests applied.
  

29. The Fisher and Törnqvist indices also emerge as desirable indices when the economic approach to index numbers is adopted. Both are examples of a superlative index: that is, a type of index that may generally be expected to provide a close approximation to an underlying economic theoretic index, such as a cost of living index.
 One characteristic feature of superlative indices is that they treat both the situations compared symmetrically, whether different time periods or different countries. Many countries have adopted a superlative index, usually the Fisher, as the appropriate target index for their CPI. 
30. It may also be concluded that a symmetric superlative index such as a Fisher or a Törnqvist would provide a suitable target index for a bilateral comparison between a pair of countries. However, objective of the ICP is to estimate a set of multilateral indices. A binary comparison within the framework of a set of multilateral comparisons is not the same as an unconstrained binary comparison conducted by two countries on their own. This point is elaborated further below.  
The Binary Approach to Aggregate Multilateral PPPs and Quantity Indices
Introduction

31. A set of multilateral PPPs and quantity indices for a given group of countries must be transitive. However, not even superlative aggregate binary indices, such as Fisher and Törnqvist, are transitive in practice
. When a binary approach to multilateral comparisons is adopted, the starting point is a set of aggregate binary indices. If there are C countries in the countries and they are all to be accorded equal treatment, all C(C-1) / 2 possible binary indices must be taken into account. Ways have to be found to convert or reduce them to a set of C-1 transitive multilateral PPPs and quantity indices.   

32. There are two main ways in which this may be done.  One is to adjust the values of the aggregate binary indices in order to transform them into a set of transitive PPPs or indices. The EKS formula explained in the previous chapter can be used for this purpose. It has been used for the last 30 years in the European Comparisons program.   
33. The other way is to identify out of the C(C-1) / 2 possible aggregate binary indices the set of C-1 binaries that are collectively the strongest and that link all C countries. This is the minimum spanning tree method. Alternatively, if it is decided to drop the requirement that all countries must be accorded equal treatment, the set of C-1 binaries may be selected in advance on other grounds. An example is provided by the star method which was used in the past in Eastern Europe. 

The EKS method

34. As explained in the previous chapter, transitivity requires that any indirect PPP between a pair of countries should equal the direct PPP. Consider three countries j, k and l. Denote the direct binary PPP for k on j by PPPj,k . The indirect PPP for k on j via country l, denoted by lPPPj,k, is then defined as follows: 

(11)
lPPPj,k (  PPPj,l  /  PPPk,l
When a set of parities is transitive, the following equality holds for every j, k and l.
(12)
lPPPj,k =  PPPj,k  
35. Any set of non-transitive binary indices can be transformed into a transitive set by applying the EKS formula.
 The EKS formula was given in Chapter 11, but for convenience it is repeated here. If there are C countries in the group, the multilateral EKS parity for country k based on country j, PPPEKSj,k, is defined as follows.  
(13) 
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36. When l = j, the ratio of the two PPPs equals  1 / PPPk,j, while when l = k  the ratio equals PPPj,k. Provided the binary indices satisfy the country reversal test therefore, for example Fisher indices, the EKS  PPP can be interpreted as the geometric mean of the direct PPP of k on j and all C-2 indirect PPPs between country k and country j via third countries, the direct PPP carrying twice the weight of each indirect PPP. The EKS formula may be derived by minimizing the sum of the squares of the logarithmic differences between the original intransitive parities and the transformed transitive parities.
37. The EKS formula can be applied to any type of binary index and not just Fisher indices. Caves, Christiensen and Diewert (1982) applied the EKS formula to Törnqvist indices, the resulting indices being usually referred to as CCD indices. In practice, CCD indices tend to be very similar to EKS indices that use the Fisher formula, which is to be expected since both are superlative indices with very similar properties
. The EKS formula is extensively discussed in the literature.
  
38. The EKS formula reduces the original set of C(C-1)/2 intransitive direct binary parities to a set of C-1 transitive parities. They constitute the set of transitive PPPs that are collectively closest to the original set of intransitive PPPs. The C-1 transitive PPPs are sufficient to determine the parities between every possible pair of countries. When publishing transitive indices, for example, it is sufficient to choose a reference country and list only the C-1 parities with the reference country. Transitive parities are invariant to the choice of reference country.
39. Eurostat and the OECD apply the EKS formula to Fisher indices to calculate the official aggregate PPP results for their member countries. 
 The benchmark figures for 2002 cover a total of 52 countries. They include a number of countries, including the Russian Federation, that are not members of either the EU or the OECD but wished to participate in the joint Eurostat-OECD PPP program. 
40. The matrix of binary Fishers may sometimes be incomplete. For some pairs of countries, there might not be sufficient data to calculate direct Fishers between them. In other cases, the direct Fishers might be deemed to be too unreliable and rejected on these grounds. In order to obtain a complete matrix of binary parities, the missing Fishers can be estimated indirectly. One procedure that has been used is to estimate a missing parity by the geometric mean of all the indirect parities that can be calculated for that pair of countries. Alternatively, a missing parity might be estimated by choosing the indirect parity which is considered to be most reliable. The EKS formula can then be applied to the complete matrix of actual and estimated parities.  
41. The EKS formula given in (13) gives equal weight to each direct binary Fisher. However, as some of the Fishers may be subject to greater error than others, this may not be an optimal procedure. It is possible to introduce weights into the EKS formula by giving more weight to direct binary parities that are more reliable. In general, if information is available about the reliability of the indices, and if there seem to be significant differences in their reliability, it is desirable to introduce weights into the EKS formula.
 The EKS parities then become weighted geometric averages of the various direct and indirect binary parities.

Transitivity and characteristicity
42. Transitivity is necessary for a set of multilateral PPPs to be mutually consistent. If the PPPs between all possible pairs of countries are to be taken into account, transitivity requires each multilateral PPP to depend to a greater or lesser degree on the prices or quantities in all the countries in the group.
 This is illustrated in the case of the EKS formula (13) which includes all the Fishers between every pair of countries. Whatever method is used, a transitive multilateral PPP between a pair of countries will depend to some extent or other on all countries in the group to which it belongs. It is liable to change when new countries are added to the group or existing countries are withdrawn.
43. There is a conflict between the requirements of transitivity and characteristicity. A PPP is fully characteristic of a pair of countries when it depends only on the prices and quantities for those two countries.
 A multilateral transitive PPP between a pair of countries cannot be fully characteristic therefore. As the size of a group of countries increases, a transitive multilateral PPP will become progressively less characteristic of the pair of countries in question as it becomes increasingly dependent on prices or quantities in third countries.  
44. The concept of characteristicity can be adapted to apply to regions as well as to pairs of countries. Maximal regional characteristicity is achieved when the transitive PPPs within a region depend only on the prices and quantities of the countries within the region. When the countries that make up an individual region are merged with countries in other regions to form a larger group, the PPPs between countries within the region become gradually less characteristic of that region. If the group is enlarged to the point that it consists of the world as a whole, then some loss of regional characteristicity is inevitable. If regional characteristicity is to be preserved, the global set of PPPs has to be obtained by linking the separate sets of regional PPPs and not by merging the regions.
Binary PPPs within the framework of a set of multilateral comparisons

45. A binary comparison between a pair of countries conducted independently of other countries can, and presumably should, be fully characteristic. The product list for a basic heading should consist only of products that are found in both countries. However, when the two countries participate in a set of multilateral comparisons, a common product list has to be drawn up for each basic heading to accommodate all countries in the group. This list will include products that would not be on the list for a separate binary comparison and also exclude products that would be on the binary list. The product list will be neither characteristic nor optimal for purposes of individual binary comparisons. If the group of countries is large and diverse, the common list could be very different from that which would be constructed for purposes of a binary comparison between a specific pair of countries. For these reasons, the estimated basic heading PPP between a pair of countries emerging from a multilateral comparison will tend to be less reliable than one based on a separate binary comparison.
46. Thus, the basic heading PPPs that are used to calculate aggregate binary Fishers within the framework of a set of multilateral comparisons cannot be treated as if  they had emerged from independent binary comparisons that are fully characteristic of the various pairs of countries. The resulting aggregate Fishers will tend to be less reliable, especially for comparisons between countries that are economically dissimilar. They cannot necessarily be expected to have the same properties as proper Fishers.
Star methods, chains and spanning trees

47. The binary approach to multilateral comparisons also includes methods that do not use the full set of all possible binary PPPs but achieve transitivity by restricting the number of binaries to C-1 selected pairs of countries. These methods include the star method described in the following paragraphs.  
The Star method 

48. In the star method, one country is selected as the base country and every other country in the group makes a direct binary comparison with it. No direct comparisons are made between other countries in the group. Comparisons between the other countries are all made indirectly via the base country. The method may be illustrated by a graph in which the base country appears as the centre of a star: hence, the name of the method.

49. Suppose the base country is country x. The parity for country k on country j, denoted by xPPPj,k, is an indirect parity defined as follows: 

(14)
xPPPj,k (  PPPj,x  /  PPPk,x
50. Only the C-1 binary PPPs between the base country and each of the other countries are calculated, all other PPPs being derived indirectly. The star method provides another example of the binary approach to multilateral comparisons.   
51. The results obtained by the star method will tend to vary depending on the choice of the reference country. This introduces an arbitrary element into the results which may render the star method unacceptable to many users. Nevertheless, the method was used to make comparisons among the Group 2 countries of Eastern Europe in the 1960’s, 1970’s and 1980’s with Austria being the reference country at the centre of the star. Austria also participated in the Eurostat and OECD comparisons and was viewed as providing a suitable link between Eastern and Western Europe. The Austrian Statistical Office was also willing to invest a large amount of resources in the project. In this case, political factors influenced the choice of methodology.  

52. From a methodological viewpoint, the star method can be used to provide interesting insights into the nature of both the EKS and GK aggregation methods. The star method is generally considered to be unacceptable because one country is selected arbitrarily and placed at the centre of the star. This clearly does not accord all countries equal status and treat them symmetrically. However, equality of treatment may be achieved if each country in the group is selected to act in turn as the base country, and then a geometric average taken of the resulting sets of PPPs. The resulting PPPs are algebraically identical with those obtained by applying the EKS formula to a complete set of binary PPPs
. This provides further insight into the nature of EKS PPPs. It could be argued that less weight should be given to stars in which the base country is very small or atypical of the group. In this case, different weights could be assigned to the different stars leading to the equivalent of a weighted EKS.
53. Instead of choosing an actual country to act as the base country at the centre of the star, it would be possible to place the group of countries as whole, or an average country representing the group, at the centre and compare each country in turn with the group or average country. This can be done by aggregating the quantities in the different countries at the average prices of the group. If each country in the group is compared with the group as a whole, every country is treated in the same way. This removes the main objection to the star method, namely the arbitrary selection of an actual country to act as the point of comparison. As shown later, the GK method can be viewed as a star method of this kind. By introducing the group as the point of comparison, the method ceases to be strictly binary. Thus, not only the EKS method but also the GK method can be interpreted as special applications of the star method.     
Chain indices and spanning trees
54. An alternative binary approach would be to place the countries in order and to calculate the C-1 aggregate binary PPPs between each successive pair of countries. The result would an international chain index. As in the star method, PPPs between pairs of countries not directly linked in the chain are obtained indirectly. The difficulty with chaining is that, as the binary PPPs are not transitive, the results depend on the way in which the countries are ordered. There is no objective natural way in which to order countries. 
55. Temporal prices indices are also not transitive, but nevertheless chain indices are widely used for time series and recommended by international Manuals both for national accounts and official price indices. The reason is not simply that there is a natural ordering for time periods, namely chronological order. Direct binary indices between consecutive time periods are known to be generally much more reliable and robust than direct binary indices between periods that are far apart. There are several contributory factors: 

· The universe of products is gradually changing over time: the overlap of products is greater between consecutive periods than between periods that are far apart, so that the number of products for which direct price comparisons can be made is maximized;

· Changes in quality take place cumulatively over time: adjusting for them is easier between consecutive periods;

· Patterns of relative prices and consumption are also gradually changing over time; index number spread tends to be least between consecutive periods.
56. All these factors combine to make the successive links in a temporal chain index as strong as possible. The results are not only widely accepted for this reason but widely used for analytical and policy purposes. A chain index between two time periods that are far apart is likely to give more reliable results than the direct index between them.  
57. In order to find the international equivalent of an inter-temporal chain index, countries need to be ordered in such a way that each link in the chain is as strong as possible so that the chain as a whole is also as strong as possible.   

58. Chains and stars are special cases of spanning trees. A spanning tree is a graph that connects all the countries in the group in such a way that there is one, and only one, path linking each pair of countries.
 Parts of spanning trees may take the form of a chain and parts the form of a star, as shown in the illustration.

59. A spanning tree connecting C countries has only C-1 links. In the present context, each link represents a binary index. The preferred type of index is likely to be a superlative index, a Fisher or Törnqvist. The indices between countries that are not directly linked in the tree are derived indirectly by linking along the tree.
60. The reliability of the binary indices that form the links in a spanning tree will greatest if the pairs of countries that are linked are as economically similar as possible. Economic similarity may be measured by the similarity of the patterns of relative prices in the two countries or by the index number spread between the Laspeyres and Paasche indices, bearing in mind that the spread diminishes the more similar the countries are. Both measures of similarity or dissimilarity have been proposed. Once the measure is agreed the target spanning tree is the one for which the total of amount of dissimilarity between the pairs of countries selected is minimized over the length of the tree. The resulting tree is called a minimum spanning tree. 
61. Algorithms have been developed that make it possible to search through all the possible orderings of countries to find such a chain. In order to find the minimum spanning tree it is necessary to scan through all the C(C-1) / 2 possible binaries. The method therefore accords each country equal status and all countries are treated symmetrically. The method is relatively new and more experience is needed of how it performs compared with the established EKS and GK methods.  
The Multilateral Approach to Aggregate PPPs and Quantity Indices

62. The methods considered in the previous section derive a set of multilateral transitive PPPs or quantity indices from a set of binary indices. The multilateral methods considered in this section take account of the characteristics of the group of countries as a whole. The group is recognized as an entity in itself. The methods make use either of the average prices throughout the group of countries as a whole or of the total, or average, quantities in the group. The first group of methods may be described as average price methods and the second as average quantity methods. Binary comparisons between individual pairs of countries are not used. 
The Geary Khamis, or GK, method

63. The method was proposed by Geary (1958). Subsequently, Khamis (1972) provided proofs of the existence and uniqueness of the Geary results. The method has been used in all the previous phases of the ICP program. A full description of the GK method, together with a discussion of possible alternative multilateral methods, including EKS, is given in Chapter 5 of the Report on Phase 1 of the ICP program (Kravis, Kenessey, Heston and Summers, 1975). The method has also been described, analyzed and evaluated in many subsequent papers and publications.

64. The idea underlying Geary’s proposals is simple. The main objective of international PPP programs has always been to achieve a set of quantity indices, or real expenditures, which enable international comparisons to be made of living standards and productivity. If the quantities in the different countries are all valued at the same set of prices, it is possible to construct a set of conceptually simple quantity indices which have the additional advantage of being transitive. Clearly, there are very many possible price vectors that might be chosen, giving rise to a range of potential index numbers, but it is desirable to choose one that is characteristic of the group of countries as a whole. In this case, the obvious choice is a vector of average prices for the group. In order to calculate the average price for a product across a group of countries, each with its own currency, the prices in the individual countries can be converted into a common numeraire currency using PPPs.
65. In the GK method, the average prices for the group and the PPPs are jointly determined. The average price for product i is defined as follows.

(15)
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i  =   1,  2,  … n
pij represents the national average price of product i within country j. Each national average price is converted into the common numeraire currency by dividing by the country’s PPP and then averaged across all C countries in the group. The resulting average price is denoted by piG where the suffix G is used to indicate that this is the average price for the group, G, denominated in the numeraire currency. It is a weighted arithmetic average of the converted national prices using the quantity shares as weights.  
piG equals the total value of the transactions in product i throughout the group of countries, converted into the numeraire currency, divided by the total quantities of the product. It is the average price over all transactions for the group. It is the international equivalent of an average national price as defined in the ICP and used to estimate basic heading PPPs. Such an average is also sometimes described as an average, or unit, value.
66. The aggregate PPP for country j in the GK method is defined as follows.

(16)
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PPPG,j is the PPP between the currency of  country j and the numeraire currency for the group G. It is a Paasche type price index for country j based on the group G. The average prices and the PPPs are jointly defined in the GK method as the solutions to a set of simultaneous equations. The equations and their solution are explained in Chapter 5 of Kravis, Kenessey, Heston and Summers (1975) and in the other publications referred to above.
67. Having determined the average prices and the PPPs, the GK quantity index for country k on country j is defined as follows:
(17)
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68. Focusing on the GK quantity indices first, the use of the same vector of average prices to value quantities in different countries ensures that the aggregate quantity indices and the associated real expenditures are transitive. The use of a single vector of prices also ensures that GK real expenditures are additive. Indeed any aggregation method that uses a single price vector is additive, however the prices are derived or defined.  
69. At current prices, the expenditures in the national accounts for a country in its own currency are additive. Indeed, at current prices, an expenditure aggregate is typically defined in national accounts as the sum of its components. It might be expected that the same identity would hold for real expenditures, but this is often not the case not only in international comparisons but also in time series of real expenditures within a country. While in most cases non-additivity may be regarded as a minor technical disadvantage, it is paradoxical and counter intuitive and can be potentially confusing, especially for non-expert users. If the results deviate considerably from additivity, they could become unusable.
70. In international comparisons, real expenditures are usually presented in the form of a matrix with the individual products, sub-aggregates or aggregates in the rows and the countries in the columns. The total for each column or country is Σi piGqij where the summation is over products. Rearranging (16) it follows that in the GK method Σi piGqij  =  Σi pijqij / PPPG,j. The aggregate GK PPP is defined in such a way that the total real expenditures for each country must equal the total expenditures in national currency converted into the numeraire currency using the aggregate PPP. Additivity is built in, as in other multilateral methods that use different kinds of average prices to define the aggregate PPP in (16).
71. Summing real expenditures across the row for product i in the matrix it follows from (15) that Σj piGqij  =  Σj pijqij / PPPG,j. This is the total value of the expenditures on product i in all C countries after the expenditure in each country has been converted in the numeraire currency. Thus, the sum of the row totals and the sum of the column totals in the matrix of real expenditures both equal Σi Σj pijqij / PPPG,j =  Σi Σj piGqij     Sets of real expenditures that satisfy this equality are said to have matrix consistency (Kravis, Heston and Summers, 1982). Matrix consistency implies that the total real expenditures in the group of countries can be disaggregated by product as well as by country in a consistent manner. It is a desirable property for many uses and type of analysis, especially for structural analysis in which patterns of real expenditures are compared between countries. 
The role of the group in GK method  
72. In contrast to methods that use a binary approach, methods that use a multilateral approach, including the GK method, treat the group of countries as a relevant economic entity in itself. The GK method is not only concerned with comparisons between countries. It involves comparisons between individual countries and the group as a whole which establish the share of the individual country in the total real expenditure of the group, whether at the level of an individual product or at an aggregate level.
73. The aggregate GK quantity index can be interpreted in a different way that highlights the role of the group. Equation (17) can be expanded as follows:
(18)
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where qiG  =  Σj qij ,  the total quantity of product i purchased in the group as a whole. piG is the GK average price of product i as defined in (15). For product i, the term piGqiG is therefore equal to the total value, in the numeraire currency, of the expenditures on product i summed across all countries. 
74. The GK quantity index can therefore be viewed as the ratio of the Laspeyres quantity index for country k based on the group G  to the Laspeyres for country j based on the group G. 
 At the GDP level, each Laspeyres index measures the share of the country in the total GDP of the group. The total GDP of the group has to be measured in an economically meaningful way for this purpose. Valuing the quantities in different countries at the GK average prices for the group makes this possible.
75. The GK quantity index between a pair of countries can therefore be interpreted as the ratio of the shares of the two countries in the total GDP of the group. It is essentially an indirect index that links the two countries via G, the group as a whole. Of course, this is a way interpreting rather than calculating a GK quantity index. In order to calculate the shares, the GK average prices must already be known.
76. It is can be seen from (18) that it is not actually necessary to know the total quantities in the denominator of each Laspeyres index as the denominators of the two Laspeyres cancel each other out in the GK index. In general, the results obtained from average price methods do not depend on the associated quantity vectors. It is sufficient to define the average prices. 
77. The group of countries can be treated as if it were a country in itself. It has its own average prices (unit values) and total quantities in the same way as an ordinary country. It can be chosen to act as the centre of a set of star comparisons. A Laspeyres quantity index is calculated between each country and the group as a whole. Even though the star method is used, each country is treated in the same way and no special role is assigned to any individual country. The GK method does, however, assign a special role to the group. The way in which the composition and characteristics of the group affect the comparisons is fully transparent.
78. The group can, of course, be replaced in (18) by an average country. The total real expenditures for the group are Σi Σj piGqij so that, on average, the total real expenditures of each country are equal to Σi Σj piGqij / C. The average quantity of product i purchased in the average country is equal to  Σj qij / C  while its average price remains the same as in the GK method, namely Σj pijqij / Σj qij.  Replacing the total quantities qiG by the average quantities qiG / C  in the denominators of the Laspeyres indices in (18) obviously does not change the GK quantity index QGKG,j.
79. Thus, each Laspeyres index could equally well be based on the average country. The GK method can therefore also be viewed as a star system in which the average country is placed at the centre of the star.
 The GK quantity index between any pair of countries in the group is an indirect Laspeyres index that links the two countries concerned via the average country for the group.
The Gershenkron effect

80. As noted earlier, a Laspeyres index will be greater than the corresponding Paasche index, and hence also greater than a symmetric superlative index such as Fisher or Törnqvist, whenever there is a negative correlation between the quantity relative and the price relatives. A negative correlation is to be expected when substitution occurs in response to price changes or differences. The Laspeyres Paasche gap will tend to be greater, the greater the divergence between the patterns of relative prices in the two countries. In the present context, the gap will tend to be greatest for countries whose relative prices diverge the most from the relative prices in the average country: that is, from the relative GK average prices for the group as a whole. In general, a country’s quantity share in the group, as measured by its Laspeyres index based on the group, will tend to be increase the more the average price vector used in the comparisons diverges from its own relative prices. This effect is often described as the Gerschenkron effect. The quantity shares vary with the choice of price vector, just as in a simple binary comparison the quantity index between a pair of countries varies with choice of price vector. 
81. It should be noted that the Gershenkron effect is not confined to the GK method. It occurs whenever the same vector of prices is used to value the quantities in different countries. Changing the average prices, say from weighted to unweighted averages, may change the countries that diverge most from the average, but the Gershenkron effect will still be operative.
82. When GK average prices are used, however, it is possible to predict which countries will have relative prices that are likely to deviate the most from the relative GK prices. The GK average prices are quantity weighted averages. Prices in large countries will therefore carry more weight that those in small countries. In addition, the quantities consumed per head will tend to be larger in rich than poor countries. Other things being equal, prices in rich countries will tend to carry more weight in the GK average prices than prices in poor countries. Relative prices in poor countries will tend to deviate more from the vector of GK average prices than prices in rich countries do.
83. The quantity shares of poor countries will tend to be greater than they would be using a price vector that is less dominated by prices in rich countries. This seems to suggest that the GK method may tend to overstate real expenditures in poor countries and therefore to understate the gap in real expenditures between rich and poor countries. The fact that the gap tends to be greater using the EKS method than the GK method is generally interpreted as evidence to this effect. It is also often interpreted as showing that the GK results are biased. 
Some theoretic considerations

84. Bias means that the results obtained from a method tend to deviate systematically from some underlying theoretical index or indices. In the context of a set of multilateral comparisons, however, the nature of the theoretical indices is not altogether clear. 
85. EKS results are often assumed to be unbiased because the binary Fisher, or Törnqvist, indices from which they are derived are superlative indices that may be expected to be unbiased in individual binary comparisons. However, it is by no means certain to what extent the optimal properties of these indices carry over into the actual EKS indices used a multilateral context. On a practical level, it was noted earlier that in a multilateral context, Fisher indices estimated using a single multilateral product list cannot be treated as if they were Fishers estimated in separate binary comparisons using binary product lists tailor-made to the pair of countries in question. On a theoretical level, it has been argued that in the circumstances in which the EKS indices are optimal in the same sense in which a binary Fisher is optimal, the EKS and Fisher results would coincide. As Fishers are not transitive in practice, “the only conditions known to justify the EKS index do not hold” (Neary, 2004, p.1415). Neary concludes that “it is suggestive that in all cases where the Fisher or Törnqvist indices are known to have desirable properties, the corresponding multilateral indices are either redundant or systematically biased.” If the Fishers were all transitive, not only would there be no need to apply the EKS formula, there would be no need to calculate the Fishers between all possible pairs of countries. A simple spanning tree such as a star or chain consisting of C-1 selected binary Fishers connecting all C countries would be sufficient. 
86. On the other hand, Neary remarks (p. 1414) that “as far as the Geary method is concerned, the consensus appears to be that it has no basis in economic theory.” The GK method seems likely to be affected by the kind of bias that affects binary Laspeyres indices. When comparing GK and EKS results, however, the difference between them should not automatically be entirely attributed to bias in the GK index. Given the difficulty in establishing firm general theoretical conclusions about multilateral indices, some caution needs to be exercised when trying to justify the use of one kind of multilateral index rather then another by appealing to the supposed theoretical properties of the indices. 
Some other multilateral indices
87. Several other multilateral methods that use a set of average prices to calculate quantity indices have been proposed in the literature. They include the Gerardi, Iklé and Van IJzeren methods. 
88. The Gerardi method is described in Gerardi (1982). Its distinctive feature is that the average price is defined as the geometric mean of the national prices expressed in their own national currencies. When a geometric mean is used, the pattern of relative average prices is the same whether or not the national prices are converted into a common currency. Conversion into a common currency is therefore not necessary. 
89. The Iklé (1972) method is an average price method that has been described as a de-weighted version of GK. It is designed to prevent prices in countries with large expenditures dominating the average prices for the group. The properties and behavior of Iklé indices are described in Dikhanov (1994).
90. The average prices in the Van IJzeren method are simple averages of relative national prices: see Van IJzeren (1987). It has the interesting property that when there are only two countries, it is equivalent to Fisher.
91. Like the GK method, the Gerardi, Iklé and Van IJzeren methods are star methods in which the group acts as the centre of the star. The inter-country quantity indices are indirect indices that link countries through the group. The average prices are meant to be characteristic of the group rather than individual countries but different kinds of average are selected in each method. The resulting quantity indices are transitive and additive as they are all methods that use a common set of prices to value quantities in different countries.
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� See paragraphs 1.16 to 1.27 of the Consumer Price Index Manual (2004) for an explanation of the properties of a Lowe index.  


�  This procedure is no different from that used in Consumer or Producer Price Indices.  CPIs are in fact calculated as weighted averages of elementary price indices for elementary aggregates. An elementary aggregate is effectively the same as a basic heading.  The elementary prices indices used in CPIs and PPIs are the inter-temporal equivalents of basic heading PPPs.


�  The substitution effect is discussed in paragraphs 1.30 and 1.31 of the CPI Manual (2004) and in more depth in Chapters 15 and 17.   


�   This is a well known result in index number theory, dating back to Bortkiewicz (1923).  The proof is presented in Appendix 15.1 to Chapter 15 of the CPI Manual (2004) written by Erwin Diewert.  The sequence of six chapters on index number theory from Chapter 15 to Chapter 20 of the CPI Manual was written by Erwin Diewert. 


�   See Kravis, Kenessey, Heston and Summers (1975), Tables 13.1 to 13.14.   For example, the ratio of the Laspeyres to the Paasche PPPs for GDP between the US and India in 1970 was 1.87, but that for Government was 2.87.   


�   The Törnqvist index is discussed in paragraphs 17.44 to 17.49 of the CPI Manual (2004).  


�   Chapter 16 of the CPI Manual (2004) contains a thorough and detailed explanation of the axiomatic approach to index numbers in a time series context.   See also  Diewert (1999) for a discussion of the axiomatic and economic approaches to international comparisons.  


�   See Chapter 17 of the CPI Manual (2004) for a thorough and detailed explanation of the economic approach to price indices.   The concept of a superlative index was developed by Diewert (1976).  


�   There are certain special cases in which they would be transitive, but not in general in practice. 


�  The EKS formula is named after three individuals, Eltetö, Koves and Szulc, who independently advocated its use.  It was named “EKS” in the1973 paper by Laszlo Drechsler.  It was used in the 1960’s for comparisons between the centrally planned economies of Eastern Europe.  However, the formula in (13) had been first proposed 40 years earlier by Gini (1931).  





�  See, for example, Neary (2004) who applied both formulae to a set of data covering 60 countries taken from ICP Phase III and found that in general “the CCD index is very close to the EKS.”


�  See, for example, Van Ijzeren (1987), Prasada Rao (1990), Balk (1996), Hill (1997), Diewert (1999), Cuthbert (2000), and Neary (2004).


�    See Eurostat and OECD (2004) pp. 31 to 35.


�    See Prasada Rao and Timmer (2003) and also Prasada Rao (2001)


�    See Balk (2001), pp. 3-6, for a proof of this statement.  


�  See the Report on Phase I of the ICP (Kravis, et al. 1975) pp. 46, 54 and 55. The concept of ‘characteristicity’ was introduced by Drechsler (1973).  


�    See  Hill (1997) pp. 62-65.


�    See Hill (1999) for a detailed explanation of the concept of a spanning tree and also the concept of a minimum spanning tree.  


�  In addition to the Reports on the first three phases of the ICP, see, for example, Van Ijzeren (1987), Prasada Rao (1990), Balk (1996), Hill (1997), Diewert (1999), and Cuthbert (2000).


�    See  Hill (1997) pp. 57, 58.  


�    See Hill (1997), p. 53, who defines methods that place an artificial average country at the center of the star as “Symmetric Star methods”.  See also Neary (2004), p. 1413, who observes; “Thus, the Geary method is a star system with the hypothetical country whose prices are π as center.”  π  is the vector of average prices as defined in the GK method.  
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